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We develop a general theoretical framework for the recently proposed importance sampling method
for enhancing the efficiency of rare-event simulationsfW. Cai, M. H. Kalos, M. de Koning, and
V. V. Bulatov, Phys. Rev. E66, 046703s2002dg, and discuss practical aspects of its application. We
define the success/fail ensemble of all possible successful and failed transition paths of any duration
and demonstrate that in this formulation the rare-event problem can be interpreted as a “hit-or-miss”
Monte Carlo quadrature calculation of a path integral. The fact that the integrand contributes
significantly only for a very tiny fraction of all possible paths then naturally leads to a “standard”
importance sampling approach to Monte CarlosMCd quadrature and the existence of an optimal
importance function. In addition to showing that the approach is general and expected to be
applicable beyond the realm of Markovian path simulations, for which the method was originally
proposed, the formulation reveals a conceptual analogy with the variational MCsVMCd method.
The search for the optimal importance function in the former is analogous to finding the
ground-state wave function in the latter. In two model problems we discuss practical aspects of
finding a suitable approximation for the optimal importance function. For this purpose we follow the
strategy that is typically adopted in VMC calculations: the selection of a trial functional form for the
optimal importance function, followed by the optimization of its adjustable parameters. The latter is
accomplished by means of an adaptive optimization procedure based on a combination of
steepest-descent and genetic algorithms. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1844352g

I. INTRODUCTION

The purpose of predictive modeling and simulation at
the atomistic level is to characterize and quantify the atom-
istic unit mechanisms that control the macroscopic behavior
of complex systems. This objective is common to many
fields of research, including chemistry, physics, biology, and
materials science, where a fundamental understanding of the
elementary processes requires detailed insight into the
atomic-scale configurations and rearrangements. The atomis-
tic modeling techniques of molecular dynamicssMDd and
Monte CarlosMCd provide powerful tools in this context,1

allowing a detailed observation of atomic-scale structures
during controlled computational “experiments” that are dif-
ficult or impossible to realize in a laboratory.

In general, a meaningful atomistic simulation should sat-
isfy three conditions:sid the description of the interatomic
interactions should be sufficiently accurate,sii d the number
of particles considered in the simulation should be statisti-
cally significant, andsiii d the simulation should cover a suf-
ficiently long time interval to cover the processes of interest.
While the development of modern electronic-structure
theory2 and the evolution of massively parallel computing
resources3 have significantly boosted the capabilities of ato-
mistic simulations with regard to the first two conditions, the
remaining barrier to predictive atomistic modeling concerns
the limited time scale accessible to MD and MC simulations.

This key limitation stems from the fact that MD and MC
naturally operate on the time scale of typical atomic vibra-
tions in the system. For instance, in solid-phase systems this
scale is defined by a characteristic phonon frequency, typi-
cally of the order of 1013 Hz, restricting the accessible simu-
lation time to the order of nanoseconds. On the other hand,
many interesting phenomena, such as relaxation in glasses
and protein folding, occur on time scales of milliseconds or
even longer. The origin of this time-scale disparity can be
traced to topographical features of the potential-energy sur-
face, which typically contains several deep energy basins
surrounded by barriers many times higher than the thermal-
energy scale. Given that the rate of interbasin transitions
typically decreases exponentially with increasing barrier
height, such transitions represent rare events on the time
scale of atomic/molecular motion. Consequently, attempts to
simulate such transitions using conventional MD or MC
methods are hopelessly inefficient since virtually all CPU
cycles are spent on the “irrelevant” equilibrium motion
within a basin.

As a result, significant attention has been given to the
development of special simulation tools that enable the study
of rare transition events. A large portion of this effort has
been devoted to methods within the framework of transition
state theorysTSTd,4 ranging from a variety of techniques
designed to locate saddle point configurations in the
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potential-energy landscape,5–8 to accelerated dynamics
methods.9,10 While TST-based approaches are effective in
systems with only a few particles, they are inefficient for
handling transitions that involve collective motion of large
numbers of atoms and multiple reactive mechanisms. To
handle such complex problems effectively one should, in-
stead of focusing on saddle points, adopt an approach based
on system trajectories. In this context, a successful approach
would be to modify the standard MD and MC techniques in
such a manner that the probability of sampling a successful
transition event is enhanced while spending less CPU cycles
on the irrelevant equilibrium trajectories. A goodimportance
samplingscheme of this kind should satisfy two conditions:
sid the relative probabilities of different transition trajectories
must remain unaltered, andsii d, the absolute probability of
sampling a successful transition event should be enhanced by
a known amount. These two conditions should be met to
ensure that different transition mechanisms are sampled with
correct relative probabilities, and allow a straightforward cal-
culation of the corresponding transition rates

The development of the transition path samplingsTPSd
method by Chandler and co-workers11–14 was a fundamental
step in this direction. TPS samples the subset of transition
paths through a random-walk procedure that generates a sub-
sequent transition event by slightly modifying the previous
one. This approach satisfies the first condition and preserves
the relative importance of different transition mechanisms.
On the other hand, TPS does not satisfy the second condi-
tion; the ratio of the probabilities of successful to unsuccess-
ful events is altered by an unknown amount. As a result, the
calculation of transition rates may require a significant
amount of computational effort.15

We recently proposed a different path-based importance
sampling Monte Carlo strategy for Markovian random walks
that satisfiesboth conditions.16 The approach is based on
altering the transition probabilities by means of animpor-
tance functionsuch that probability of sampling successful
paths is enhanced and unsuccessful trajectories are sup-
pressed. By considering specific characteristics of Markovian
path simulations one arrives at the existence of an optimal
importance function, for which only successful transition
events are generated and unsuccessful ones are completely
suppressed. In this manner, the rare-event problem for Mar-
kovian paths was reformulated into an optimization problem
for the best-possible importance function. This approach sat-
isfies both conditions mentioned earlier in that the relative
probabilities among different successful paths remain unal-
tered and the absolute sampling probabilities are enhanced
by aknownamount, facilitating the computation of transition
rates.

In the present paper we further develop the importance
sampling method by establishing a general statistical-
mechanical formulation for it and discussing practical as-
pects of its application. The theoretical foundation is based
on the success/fail ensemble of all possible successful and
failed transition paths of any duration. In this formulation the
rare-event problem can be interpreted as a “hit-or-miss”
Monte Carlo quadrature calculation17 of the path integral that
represents the success probabilityps. The fact that the inte-

grand contributes significantly only for a very tiny fraction of
all possible paths then naturally leads to a “standard” impor-
tance sampling approach to MC quadrature and the existence
of an optimal importance function. Moreover, the formula-
tion shows that, rather than representing a specific technique
for Markovian path simulations as it was originally
proposed,16 the importance sampling method is a general
framework that, in principle, should also be applicable to
other path simulation methods such as MD.

In addition, the formulation exposes a conceptual anal-
ogy with the variational MCsVMCd method.18 The latter is a
method used to identify the ground state of a many-particle
quantum system by minimizing the expectation value of the
energy with respect to a trial functional form for the wave
function. It can be shown that the variance in the MC esti-
mator for this expectation value is zero if and only if the trial
wave function corresponds to the exact ground state of the
system under consideration. An equivalent situation occurs
in the search for the optimal importance function here: the
MC estimator for the success probabilityps has zero variance
if and only if the optimal importance function is used.

In practice, VMC involves the optimization of a trial
wave function containing a set of parametershaj with re-
spect to an objective function, usually minimizing the energy
or its variance.18,19Here, we show that an identical procedure
can be used to find a suitable importance function for a rare-
event problem. In this case, a trial importance function con-
taining a set of parameters is optimized with respect to the
variance in the statistical weights of the trajectories gener-
ated in an importance sampling path simulation. For this pur-
pose we explore practical aspects of this procedure in two
model problems. In addition to issues related to the choice of
the trial functional form we consider an adaptive optimiza-
tion procedure based on the combination of steepest-descent
and genetic algorithms.

The remainder of the paper has been organized as fol-
lows: In Sec. II we present the general theoretical formula-
tion of path importance sampling method and describe in
detail its particular implementation for Markovian path simu-
lations, which is used to carry out the model calculations.
Section III then describes the details of two model applica-
tions that illustrate practical aspects of finding suitable ap-
proximations to the optimal importance function using the
variational optimization procedure. We conclude the discus-
sion with a summary in Sec. IV.

II. METHODOLOGY

A. The rare-event problem
and Monte Carlo quadrature

Consider a classicalN-particle system in which the in-
teractions are described in terms of a potential-energy func-
tion EsRd, where the 3N-dimensional vector R
=sr 1,r 2, . . . ,r Nd specifies the microscopic configuration of
the system. Let us assume thatEsRd is known to possess the
metastable statesA andB, as shown schematically in Fig. 1,
and we are interested in computing the rate constant for tran-
sitions from regionA to B.

074103-2 de Koning et al. J. Chem. Phys. 122, 074103 ~2005!

Downloaded 08 Mar 2005 to 18.51.1.222. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



The starting point of our approach is the fact that we can
unambiguously slice a reactive trajectory, such as the one
shown in Fig. 1, into a sequence offailure paths followed by
a singlesuccessfulpath. Here, we define a failed path as a
sequence of microstates that initiates in regionA, exits it at
some instant, but returns to itbeforereachingB. In contrast,
a successful segment is defined as a sequence of states that
initiates inA and succeeds in reachingB before returning to
stateA. The reactive trajectory shown in Fig. 1, for instance,
consists of three failed paths, namely, the sequences of states
0→1, 1→2, and 2→3, and the successful path 3→4. In
this view, a transition event is considered rare if the expec-
tation value of the number of failed paths observed before
detecting a successful one is very large. In other words, a
transition event is rare when thesuccess probability ps of
sampling a successful path from some initial condition inA
is very small.

The success probabilityps is the most fundamental quan-
tity in this formulation of the rare-event problem because if it
is known, the computation of the transition rate becomes
straightforward. Specifically, the forward transition ratekA→B

is given by

kA→B =
1

tw
, s1d

wheretw is the average waiting time before a transition from
A to B occurs. This time can be easily computed when real-
izing that a reactive trajectory, on average, is expected to
consist ofNf =1/ps failed paths followed by a single success-
ful one. Accordingly, the average waiting time becomes

tw =
ktl f

ps
+ ktls, s2d

wherektl f and ktls represent the average duration of failed
and successful paths, respectively. The first term, which rep-
resents the overwhelmingly dominant part of the waiting
time, can be estimated from the simulation of an ensemble of

failed paths. This, of course, can be done very accurately and
efficiently given that the probability of sampling such failed
paths is essentially equal to 1. The second term is signifi-
cantly more challenging, however, given thatps is small and
a direct simulation will effectively not sample any successful
paths. But this term is usually negligibly small compared to
the first one and, in most cases, can be safely ignored.

How do we go about the calculation ofps? For this pur-
pose, we consider the statistics of the ensemble of all pos-
sible successful and failed paths. Let us start by considering
the ensemble of all possible pathsssuccessful, failure, or
neither20d of a fixed lengtht, specified by the sequences of
microstatesRstd=sR0,R1,R2, . . . ,Rtd generated by some
simulation methodsi.e., MD or MCd. Let PfRstdg be the
corresponding probability distribution function, which is
properly normalized, i.e.,

E DRstdPfRstdg = 1, s3d

where the notation13 eDRstd indicates a summation over all
possible paths of lengtht. Next, we wish to restrict this
ensemble to the subset of successful and failed paths accord-
ing to the definition adopted above. The probability distribu-
tion function of the restricted fail/success ensemble of paths
with a lengtht can then be written as

PfsfRstdg =
PfRstdgsfFfRstdg + fSfRstdgd

Zfsstd
, s4d

wherefFfRstdg and fSfRstdg are characteristic path functions
that indicate whether the path is a failure or a success:

fFsSdfRstdg = H1, if path is a failuressuccessd
0, otherwise

J s5d

and the denominator is the partition function of the fail/
success ensemble of paths with lengtht,

Zfsstd =E DRstdPfRstdgsfFfRstdg + fSfRstdgd. s6d

To compute the success probabilityps, however, we need
to remove the constraint of considering only paths with a
fixed length and look at the ensemble of all possible fail/
success paths ofany length t. The probability of sampling
the pathRstd from the full fail/success ensemble then be-
comes

PFSfRstdg =
PfRstdgsfFfRstdg + fSfRstdgd

ZFS
, s7d

where the denominator

ZFS=E
0

`

dtZfsstd s8d

is the partition function of the full fail/success ensemble. The
success probabilityps is then given by the ensemble average
of the characteristic path functionfS over the fail/success
ensemble, i.e.,

FIG. 1. Schematic representation of a reactive trajectory in an energy land-
scapeEsRd with the smetadstable statesA andB. Such a trajectory can be
unambiguously sliced into a sequence of failure paths followed by a single
successful path. A failed path is defined as a sequence of microstates that
initiates in regionA, exits it at some instant, but returns to itbeforereaching
B. In contrast, a successful segment is defined as a sequence of states that
initiates in A and succeeds in reachingB before returning to stateA. The
shown reactive trajectory consists of three failed paths, namely, the se-
quences of states 0→1, 1→2, and 2→3, and the successful path 3→4.
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ps =E
0

`

dtE DRstdPFSfRstdgfSfRstdg. s9d

In similar fashion, the failure probabilitypf is given by

pf =E
0

`

dtE DRstdPFSfRstdgfFfRstdg, s10d

so thatPFS is properly normalized, i.e.,

ps + pf = 1. s11d

In principle, the formulation ofps in terms of the integral
in Eq. s9d is ideally suited for standard MC quadrature.17 In
this method we sampleN trajectoriesRistd from PFS and
estimate the integral as the simple hit-or-miss arithmetic
mean of the functionfSfRistdg,

ps = kfSlPFS
< fS

N =
1

N
o
i=1

N

fSfRistdg. s12d

Unfortunately, a direct application of this approach is hope-
lessly ineffective sincefS is nonzero only for a very small
fraction of the fail/success ensemble. As a result, the proce-
dure leads to very poor statistics, which is reflected by a
large variance in the estimatorfS

N. More specifically, the
quality measure,17

varsfS
Nd

kfSlPFS

2 =
1

N
S1 − ps

ps
D

shows that the proportionality factor of the typical 1/N be-
havior for the variance ofN-sample estimators17 is extremely
large here sinceps<0.

To resolve this problem we resort to a strategy that is
frequently used to reduce the variance in MC quadrature cal-
culations, namely, importance sampling.17 For this purpose,
we rewrite Eq.s9d in the form

ps =E
0

`

dtE DRstdFPFSfRstdgfSfRstdg

P̃FSfRstdg
GP̃FSfRstdg

=E
0

`

dtE DRstd f̃SfRstdgP̃FSfRstdg, s13d

where we have introduced a new path probability density

function P̃FSsfRstdgdthat satisfies the conditions

P̃FSfRstdg ù 0, E
0

`

dtE DRstdP̃FSfRstdg = 1. s14d

Instead of generating paths according toPFS and computing
the path average of the functionfSfRstdg, we now sample

from the alternative distribution functionP̃FS and compute

the trajectory average of the functionf̃SfRstdg. In this man-
ner, ps is estimated as

ps = k f̃SlP̃FS
= f̃S

N <
1

N
o
i=1

N

f̃SfRistdg. s15d

How do we chooseP̃FS? The best-possible choice is the
one for which the variance of the new estimator in Eq.s15d is
minimized. Formally, it can be shown17 that the optimal path
distribution function is given by

P̃A
optfRstdg =

PFSfRstdgfSfRstdg
ps

, s16d

for which this variance is zero and only successful paths are
generated. As we will see below, the optimal path distribu-
tion function can, in principle, be determined explicitly. Un-
fortunately, this is practically feasible only for relatively
simple problems involving few degrees of freedom.

Instead, the strategy we will adopt is to search for aP̃FS

that is “similar” to the optimal path distribution function in
the sense that it leads to an acceptable low-variance estima-
tor for ps. In practice, this implies that we attempt to con-

struct a probability distribution functionP̃FS for which the
events that contribute significantly to the integral in Eq.s9d,
i.e., those that represent successful transition events, occur
more frequently. The variance serves as the guiding principle
in this process, representing an unambiguous quantitative
quality measure. Conceptually, this approach is analogous to
the VMC approach18,19 in which the many-particle wave
function of a system of interest is obtained by minimizing
the variance in the energy for a given trial wave function.
This variance is zero if and only if the trial wave function
corresponds to the exact ground state. In the path importance
sampling case the variance of interest is zero if and only if

the optimal path distribution functionP̃A
optfRstdg is used.

Finally, it is important to reiterate that the rare-event
importance sampling scheme is not restricted to Markovian
path simulations, as it was proposed originally.16 The discus-
sion above is based entirely on a generic path probability
distribution functionPfRstdg and is independent of its par-
ticular form, which is determined by the specific simulation
technique used to generate system trajectories. This implies
that the approach should, in principle, also be applicable to
other path simulation methods such as MD. This possibility,
however, is beyond the scope of the present paper and not
will be further discussed here.

B. Optimized importance sampling
for Markovian transition paths

Let us now consider the procedure for constructing a

suitable path probability distribution functionP̃FS. For this
purpose, we now restrict the discussion to Markovian path
simulations, which are based on a set of transition probabili-
tiesKsRi →R jd that describe the statistics of transitions from
microstateRi to R j and are properly normalized, i.e.,

nsRid ; o
j

KsRi → R jd = 1. s17d

For a system in contact with a heat reservoir at a constant
temperature, for instance, the matrixKsRi →R jd may be con-
structed according to the Metropolis algorithm.17,21 The
probability PFS of sampling a given sequence ofL states
from the fail/success ensemble is then given by
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PFSfR0,R1, . . . ,RLg =
rsR0d
ZFS

p
i=0

L−1

KsRi → Ri+1d s18d

with rsR0d the canonical equilibrium distribution of initial
microstatesR0 in regionA.

The goal of constructingP̃FS is to reduce the probability
of generating failed paths. To this end we apply two trans-
formations to the original transition probabilities. The first is
given by

K8sRi → R jd = H0, if i ¹ A ∧ j P A

KsRi → R jd, otherwise.
J s19d

Its purpose is to prohibit a trajectory from reentering region
A once it has exited. At first sight one might think this would
eliminate failed paths altogether. But obviously this is not the
case, given that transformations19d introduces a set of states
that no longer satisfy the normalization condition Eq.s17d.
More specifically, for all those statesRi outside of regionA
which have nonzero matrix elementsKsRi →R jd for states
R j inside regionA, we have

n8sRid = o
j

K8sRi → R jd = o
R j¹A

KsRi → R jd , 1. s20d

How do we handle such undernormalized transition
probabilities in a MC path simulation? In order to preserve
the interpretation ofK8 as being a matrix describing transi-
tion probabilities, a renormalization is required. An appropri-
ate way of doing so is to interpret undernormalization as the
possibility for a path to be declared a failure, even when the
current sundernormalizedd stateRi is outside of regionA.
The probability for this to occur is determined by thedegree
of undernormalization, defined as

m8sRid = 1 −n8sRid. s21d

In this manner, when the current stateRi is undernormalized,
the sampling procedure involves two stages. The first step
determines whether the path is declared a premature failure
and terminated, or if it is allowed to continue. The second
step is carried out only if the latter is the case, selecting the
next microstate in the path. The first step involves the sam-
pling of a random numberj between 0 and 1, and ifj
,m8sRid the path is terminated. Otherwise, the next mi-
crostate in the path is sampled according to the nonzero el-
ements of the transition probability matrixK8, but which
have now beenrenormalized, i.e., K8sRi →R jd /n8sRid.

It is not difficult to see that transformations19d doesnot
affect the probabilities of sampling successful or failed seg-
ments. This is due to the fact that it causes only the states
immediately adjacent to regionA to be undernormalized and
that their degree of undernormalization is precisely exactly
equal to the sum of the transition probabilities to statesR j

inside A for the original transition probability matrixKsRi

→R jd. In other words, when in a state adjacent to regionA,
the probability for a path to fail due to undernormalization of
the matrixK8 is precisely equal to the probability of reenter-
ing regionA when using the original transition probability
matrix K. Similarly, for a given successful pathG
=sR0,R1, . . . ,RLd, the path probability can be written as

PFS8 =
rsR0d
ZFS

p
i=0

L−1
s1 − m8sRiddK8sRi → Ri+1d

n8sRid

=
rsR0d
ZFS

p
i=0

L−1
n8sRidK8sRi → Ri+1d

n8sRid

= PFSfR0,R1, . . . ,RLg, s22d

where the factorsf1−m8sRidg represent the probability that a
path is continued. Therefore, the sole difference between
path simulations based onK and K8 is that themechanism
for path failure has changed. Instead of reentry into regionA,
the only mechanism for path failure while using the transi-
tion matrix K8 is undernormalization.

The purpose of the second transformation now is to re-
duce the degree of undernormalization ofK8. This is accom-
plished by means of an importance functionIsRd, defined on
the space of microstates accessible to the system, and which
operates on the elements of matrixK8 according to

K̃sRi → R jd = K8sRi → R jd
IsR jd
IsRid

. s23d

The best-possible alternative path distribution functionP̃A
opt

referred to in the preceding section is now obtained by using
the optimal importance function IoptsRd, which completely
eliminates the undernormalization of matrixK8 and produces
a new transition probability matrix that is fully normalized,
i.e.,

ñsRid = o
j

K̃sRi → R jd = o
j

K8sRi → R jd
IoptsR jd
IoptsRid

= 1. s24d

A path simulation based on matrixK̃opt will therefore sample
only successful paths, allowing an exactsi.e., zero-varianced
determination of the success probabilityps.

Rewriting Eq.s24d in the form

o
j

K8sRi → R jdIoptsR jd = IoptsRid s25d

shows that the optimal importance functionIopt is the right
eigenvector with unit eigenvalue of the transition probability
matrix K8 obtained after transformations19d.

As mentioned above, the value ofps can be directly in-
ferred from the functionIopt. To see this, let us consider in
which way the probability of sampling a successful path us-

ing matrixK̃opt is altered relative to a simulation based on the
original set of transition probabilitiesK. To this end, we

compare the respective sampling probabilitiesPFS and P̃A
opt

of a given successful sequence of statesG
=sR0,R1, . . . ,RLd. The former is given by Eq.s18d, whereas
we have
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P̃FS
optsGd =

rsR0d
ZFS

p
i=0

L−1

K̃sRi → Ri+1d

=
rsR0d
ZFS

p
i=0

L−1FK8sRi → Ri+1d
IoptsRi+1d
IoptsRid

G
= FrsR0d

ZFS
p
i=0

L−1

KsRi → Ri+1dG IoptsRLd
IoptsR0d

= PFSsGd
IoptsRLd
IoptsR0d

s26d

for the alternative one. Note that in the third line of Eq.s26d
we have substituted transition probability matrixK8 by K
since a path, once exiting regionA, will never revisit it.
Moreover, since all states are properly normalized, the MC
sampling can be carried out without the need for adopting
renormalization measures such as those in Eq.s22d, and each
path will represent a successful transition event. Equation
s26d shows that the probability of sampling a successful path
is enhanced by a factor that depends only on the values of
the optimal importance functionIopt in the initial and final
microstates of the path. In addition, given that the optimal
importance function can be shown to be constant for all the
microstates in regionsA and B, with values IA

opt and IB
opt,

respectively, the sampling probability forall possible suc-
cessful paths will be enhanceduniformly by the factor
IB
opt/ IA

opt. Equations13d then reveals the relation between the
optimal importance function and the success probabilityps,

ps =E
0

`

dtE DRstdFPFSfRstdgfSfRstdg

P̃FS
optfRstdg

GP̃FS
optfRstdg

=
IA
opt

IB
optE

0

`

dtE DRstdP̃FS
optfRstdg =

IA
opt

IB
opt. s27d

C. Variational optimization
of the importance function

In principle, the recipe for identifying the optimal impor-
tance function is given by Eqs.s19d, s23d, and s25d. Unfor-
tunately, an exact solution to the eigenequations25d is fea-
sible only in very simple cases. In realistic situations the
numbers of degrees of freedom and accessible microstates in
the system are usually too large to render an explicit solution
possible. This situation resembles the problem of solving the
Schrödinger equation for a many-body problem in quantum
mechanics. This similarity naturally leads to the development
of an approximate scheme for the identification of an appro-
priate importance function based on a standard approach uti-
lized in quantum mechanics: the variational method.22

In this scheme we select a trial function form for the
importance function involving a set of free parameters. The
parameters are then adjusted so as to bring the trial function
as close as possible to the optimal importance function. The

degree of normalization of the transition probability matrixK̃
associated with the chosen trial function serves as the quality
measure in this process. Specifically, since the optimal im-
portance function is the one for which all microstates are

normalized, the variational optimization process attempts to
adjust the parameters such that the normalization factors of
the microstates become as close to unity as possible. As in
the variational method in quantum mechanics, the quality of
the resulting importance function is only as good as the se-
lected trial function form.

1. MC algorithm

To examine the practical aspects of the optimization pro-
cess we consider the case in which we have selected a trial
importance function of the formI = IsR ,hajd which involves
a set of adjustable parametershaj. After constructing the
normal transition probability matrixK of the system, we ap-
ply the transformationss19d and s23d to obtain the modified

transition probability matrixK̃shajd, which now depends ex-
plicitly on the values of the adjustable parameters. The opti-
mization of the parameters then proceeds by sampling paths

using a MC simulation based onK̃shajd and adjusting them
such that Eq.s25d is satisfied as closely as possible.

However, as in the case of the truncated matrixK8, the
sampling procedure is somewhat more elaborate due to the
appearance of unnormalized states. In particular, in addition
to the undernormalized states we have seen earlier, the ma-

trix K̃shajd will generally also containovernormalizedstates
Ri for which

ñsRi ;hajd = o
R j

K̃sRi → R j ;hajd . 1, s28d

so that renormalization is required to preserve the interpreta-

tion of K̃ as being a matrix describing a set of transition
probabilities.

This is accomplished by attributingstatistical weights w
to each path. The value ofw varies along the sequence of
microstates of the path and its current value determines how
the sampling of the next state is carried out. At the initial
microstateR0 of a pathG=sR0,R1, . . .d, the weight is equal
to unity, wsR0;Gd=1. The subsequent values ofw are then
found by multiplying the previous value by the current nor-
malization factor. Accordingly, for the second microstateR1

in the path we have

wsR1;Gd = wsR0;GdñsR1;hajd, s29d

and so forth for subsequent states. As in the case ofK8, the

path sampling algorithm based onK̃shajd now involves two
steps. The first consists of a check of the value of the path
weight in the current stateRi.

If wsRi ;Gd,1 we allow for the possibility of the path to
be declared a failure with a probabilitym̃sRi ;Gd=1
−wsRi ;Gd. Drawing a uniform random numberj between 0
and 1, the path is then terminated ifj,m̃sRi ;Gd, otherwise
it is allowed to continue. The second step, only in case of
path continuation, then involves resetting the path weight to
unity, i.e., wsRi ;Gd=1, followed by selecting the next state
according to the renormalized transition probability matrix

elements ofK̃sRi →R j ; hajd / ñsRid.
If wsRi ;Gdù1, however, we immediately proceed to the

second step by selecting the next state according to the renor-
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malized transition probability matrix, however,withoutreset-
ting the path weightwsRi ;Gd to unity.

In this manner, for any given successful pathG
=sR0,R1, . . . ,RLd, the final statistical weight is greater or
equal to unity,wsGd=wsRL ;Gdù1. More specifically, the fi-
nal path weightwsGd is given by

wsGd = p
j=k+1

L

ñsR jd, s30d

whereRk is the last state along the path at which the weight
was found to be smaller than unity. The corresponding sam-
pling probability for the path can be shown to be

P̃FSsG;hajd =
rsR0d
ZFS

p
i=0

L−1
K̃sRi → Ri+1;hajd

wsGd

= FrsR0d
ZFS

p
i=0

L−1
ksRi → Ri+1d

wsGd G IsRL;hajd
IsR0;hajd

= SPFSsGd
wsGd

D IsRL;hajd
IsR0;hajd

. s31d

2. Optimization criteria

Using the above simulation algorithm, we now need to
optimize the parameter sethaj. This process can be guided
by a variety of optimization criteria. One of them is based on

the fact that the transition probability matrixK̃ is optimized
if, and only if, all states are properly normalized. In this
view, if we define the quantityW as the simple product of all
normalization factors in a path, disregarding whether it is
successful or a failure, i.e.,

W= p
i=0

L−1

ñsRi ;hajd, s32d

the optimal importance functionIoptsRd is obtained only if
W=1 for all paths. In this context, the optimization of the set
of parametershaj may proceed by minimizing the quality
measure,

Q1shajd ; sln Wd2. s33d

SinceQ1 will be rigorously zero for all paths only forIoptsRd,
the optimized set of parametershajopt for the selected func-
tion form can then be obtained by minimizing the path
average

kQ1shajoptdl = min
haj

fQ1shajdg. s34d

A second criterion is based on the variance of the alter-
native estimator forps for the modified path probability Eq.
s31d. Using Eqs.s13d, s15d, and s31d it follows that, for a

sample ofN paths generated usingP̃FSsG ; hajd, ps is esti-
mated as the average,

ps = k f̃SlP̃FS
<

1

N
o
i=1

N

wsGidfSfGigS IsR0sGid
d

IsRLsGid
dD

= p̃s
1

Ns
o
i=1

Ns

wsGidS IsR0sGid
d

IsRLsGid
dD , s35d

whereR0sGid
andRLsGid

are the initial and final states of the
paths andp̃s=Ns/N with Ns the number of successful paths.

An effective evaluation of the success probabilityps

through the estimator Eq.s35d requires that its variance be as
small as possible. In this context, an alternative optimization
criterion involves the minimization of the variance in the
weights of successful paths, i.e.,

Q2shajd ; kw2ls − kwls
2. s36d

3. Optimization algorithms

Once an optimization criterion has been selected, we
need a minimization algorithm for the evolution of the pa-
rameter set in the optimization process. For this purpose a
number of numerical approaches is available. Similar to the
VMC method,18,19 the minimization can be carried out using
simulated annealing and genetic algorithms for global opti-
mization purposes as well as steepest-descent or conjungate-
gradient algorithms for further local refinement in the space
of adjustable parameters. In the present work we rely mostly
on a combination of a genetic algorithm and local steepest-
descent minimization.

III. APPLICATIONS

To illustrate the practical operation of the presented im-
portance sampling framework we consider its application to
two simple model problems, a one-dimensional potential
well and a two-dimensional system with two stable states
separated by two distinct barriers.

A. One-dimensional potential well

First we consider the following simple one-dimensional
system, described by the potential-energy function

Vsxd = x2 exps− 0.5x2d, x P f− 2,5g s37d

shown in Fig. 2. For convenience we discretize the domain
into the set of statesxi =−2+si −1dDx, with Dx=0.1 andi

FIG. 2. Potential-energy surface of Eq.s37d. The fail and success regionsA
andB are defined asxA=0 andxB=5, respectively.
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=1,2, . . . ,71. Thesystem contains a stable minimum atx
=0 and we are interested in transitions that cross the barrier
and reach the statex=5 at a temperaturekBT=0.2585 using
the Metropolis MC algorithm. For this purpose, we define
the fail and success regionsA and B according to the indi-
vidual statesxA=0 andxB=5, respectively. The conventional
Metropolis transition probability matrix for this system is
given as

Ksxi → xjd = 5
1
2 minf1,exps− DVij /kBTdg, j = i ± 1

1 − o
j=i±1

Ksxi → xjd, j = i 6
s38d

with DVij =Vsxjd−Vsxid. Proper boundary conditions are
adopted at the limitsx=−2 andx=5 of the domain, allowing
trial steps to the left or right only.

The first step in the importance sampling scheme is to
implement the transformation defined in Eq.s19d, eliminat-
ing transitions that take the system from a state outsideA to
one withinA, having

K8sxi → xjd = H0, if xi Þ xA ∧ xj = xA

Ksxi → xjd, otherwise.
J s39d

Based on Eq.s25d, and given the simplicity of the prob-
lem we can explicitly determine the optimal importance
function Iopt by identifying the right-eigenvector with eigen-
value 1 of matrixK8. The resulting eigenvector, normalized
such that its value in the success statexB=5 equals 1, is
plotted in Fig. 3. The plot shows that the value of the impor-
tance function in the fail region is very close to zero, indi-
cating that the probability of sampling a successful transition
event, as defined in Eq.s27d, is extremely low. More specifi-
cally, Fig. 4, which showsIoptsxd on a logarithmic scale,
reveals that the probability of sampling a successful transi-
tion is ps= IoptsxAd / IoptsxBd=5.843310−6 for the system and
temperature under consideration. Note that the plot only cov-
ers the statesxù0 sinceIoptsxd=0 for all statesx,0, imply-
ing that any path starting in such a state fails. This, of course,
is a consequence of the low dimensionality of the problem,
forcing the path to pass through the fail statex=xA in order
to reachxB.

Let us now reexamine the problem using the variational
method outlined above and compare the results to the ones
obtained from the exact matrix diagonalization method. The

first element in the application of the variational method in-
volves the choice of a function form for the importance func-
tion. As shown in Fig. 4, it should be able to describe a
variation of several orders of magnitude between the regions
of failure and success. A simple functional form that allows
such variations is the following exponential of a Gaussian

Isx;A,a,x0d = exphA expf− asx − x0d2gj, s40d

in which the three parametersA, a, and x0 describe the
height, width, and center position of the Gaussian, respec-
tively.

Using this trial functional form we utilize a genetic op-
timization algorithm23 for the minimization of the quality
factorQ1 in Eq. s33d. Each iteration in the algorithm involves
a generation consisting of a population of 30 distinct param-
eter sets. Initially, the sets are generated randomly withA
P f−20,0g, aP f0,2g, and x0P f−1,1g. For each parameter
set we generate a series ofN=500 paths using the respective

modified matricesK̃ and measure the corresponding average
of the quality measureQ1,

kQ1sA,a,x0dl =
1

N
o

i

QisGi ;A,a,x0d, s41d

where the summations runs over all generated pathsGi, both
successful and failed. In addition we also compute the path
averages of thederivativesof Q1 with respect to the three
parametersk]Q1/]Al, k]Q1/]al, and k]Q1/]x0l, which rep-
resent generalized forces and can be used in a local steepest-
descent minimization scheme. Based on the estimators ob-
tained from the 500 trajectories for each parameter set, the
members of the population are then ranked according to in-
creasing value ofQ1. Next, a new generation of parameter
sets is generated by first carrying out one steepest-descent
step for all 30 members using the measured generalized
forces. Next, we add six more members to the population;
three correspond to a random perturbation of the three fittest
parameter setssi.e., those with the lowestQ1 valuesd, and the
other three are chosen completely randomly. Using the new
population of 36 members, 500 MC trajectories are gener-
ated to determine the newQ1 values. The members are again
ranked according to increasingQ1, after which the worst six

FIG. 3. Optimal importance function for the one-dimensional escape prob-
lem at a temperaturekBT=0.2585.

FIG. 4. Optimal importance functionscirclesd and result of genetic minimi-
zation algorithmslined using trial function form Eq.s40d for the one-
dimensional escape problem at a temperaturekBT=0.2585. Values of param-
eters areA=−12.195 99,a=0.191 672, andx0=−0.398 851. For the optimal
importance function values are shown only for statesxù0 becauseIoptsxd
=0 for all statesx,0.
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parameter sets are discarded. This procedure is repeated until
convergence, which is reached after the genetic evolution
produces a generation in which all members are essentially
identical.

Figure 5 shows the evolution of the genetic optimization
algorithm along a cycle of 17 generations. The plot shows
the values of the parametersA and a for the 30 population
members for three different generations. Panelsad shows the
initial population generated randomly on the intervals speci-
fied above. Panelsbd shows the population after the 14th
iteration, showing a clear clustering. The process may be
considered converged after generation 17, for which all 30
members of the population are essentially the same, as
shown in panelscd. The parameter values for the best set are
A=−12.195 99,a=0.191 672, andx0=−0.398 851, respec-
tively, which gives the importance function shown as the line
in Fig. 4 andkQ1sA,a ,x0dl<1.39, which implies an average
path normalization factor ofW<4.01.

Even though the importance function resulting from the
variational optimization procedure is quite different from the
optimal one, a MC simulation based on it already shows
good efficiency. Running a batch of 13106 path simulations,
the modified success probability is measured to bep̃s

=0.211±0.001, so that approximately one in every five at-
tempts leads to a successful transition event, with an the

average success path weightws=3.61±0.07 and a variance
Q2=kw2ls−kwls

2<100. The success probabilityps in the
original system is then estimated according to Eq.s35d,
which, with IsR0sGid

d / IsRLsGid
d=7.6253310−6 for the opti-

mized parameter set, givesps=s5.8±0.1d310−6, in good
agreement with the exact result. The simulation also provides
an estimator for the average successful path length,

ktls =
1

Ns

1

kwls
o
i=1

Ns

wsGidLsGid, s42d

giving ktls=s3.79±0.01d3102 MC steps.
Once the success probabilityps and average successful

path length are known, the computation of the forward tran-
sition rate constantkAB becomes straightforward, requiring
only the average length of failed paths. The latter is easily
found by simulating a series of trajectories according to the
unbiased transition probability matrixK. From a set of 103

paths we obtainktl f =s9.78±0.01d. Using Eqs.s1d ands2d we
estimate the average waiting time and rate astw

=s1.68±0.03d3106 MC steps andkAB=s5.9±0.1d310−7 per
MC step. These results are in good agreement with the esti-
mates obtained from the 103 direct path MC simulations in
which the average waiting time and the corresponding tran-
sition rate were found to betw,direct=s1.71±0.06d3106 MC
steps andkAB=s5.8±0.2d310−7 per MC step.

B. Two-dimensional case

As a second application, we consider rare transition
events in the two-dimensional potential-energy surface,

Vsx,yd = 1
6h4f1 − x2 − y2g2 + 2fx2 − 2g2 + fsx + yd2 − 1g2

+ fsx − yd2 − 1g2 − 2j + 0.02y, s43d

which is shown in the contour plot of Fig. 6. The model
contains two metastable statesA and B at sx,ydA=s−1.1,0d
and sx,ydB=s1.1,0d with energiessVsAd=VdsBd=−0.0812,
separated by two distinct barriersS1 and S2 at sx,ydS1
=s0,1d and sx,ydS2

=s0,−1d with energiesVsS1d=1.02 and
VsS2d=0.98, respectively.

We discretize the space of accessible states in terms of a
two-dimensional square grid with spacingDx=Dy=0.1 on
the domain x,yP f−1.5,1.5g. As in the one-dimensional
problem, we define the fail and success regions as the indi-
vidual statesA andB, respectively. The MC dynamics of the
system is governed by the Metropolis algorithm in which

FIG. 5. Evolution of genetic algorithm in the optimization of the parameters
A anda in the trial function form Eq.s40d. Panelsad shows values of the 30
parameter sets before the first iteration. Panelsbd shows distribution of
population members in the 14th generation. Panelscd shows result after 17
generations.

FIG. 6. Potential-energy contours of two-dimensional system described by
Eq. s43d.
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only the four first-neighbor states are directly accessible.
Considering the system at a temperaturekBT=0.08617, the
explicit diagonalization of the truncated transition matrixK8
yields the optimal importance functionIoptsx,yd, shown in
Fig. 7, and the associated success probabilityps=6.154
310−7.

We now reexamine the problem using the variational
optimization approach. Once again we adopt a simple expo-
nential of a Gaussian as our trial function form for the im-
portance function, writing

Isx,yd = exphA expf− asx − x0d2 − bsy − y0d2gj, s44d

which involves the set of five adjustable parametersA, a, b,
x0, andy0.

As in the one-dimensional problem, we utilize a genetic
algorithm23 and start by optimizing the parameter set with
respect to quality measureQ1. The algorithm is essentially
the same as the one used in the one-dimensional problem. In
each generation we considered a population of 40 parameter
sets. Initially, the 40 sets are generated randomly withA
P f−50,0g, a and bP f0,4g, and x0 and y0P f−2,2g. For
each parameter set, a series of 103 MC path simulations was
carried out to measure the average value ofQ1 over both
failed and successful paths. The members of the population
are then ranked according to increasing value ofQ1 after
which a new generation is produced by carrying out one
steepest-descent step for all 40 members using the measured
generalized forces. As before, we add ten more members to
the population; three correspond to a random perturbation of
the five parameter sets with the lowestQ1 value, and the
remaining five are chosen completely randomly. Using the
new population of 50 members, 103 MC trajectories are gen-
erated to determine the newQ1 values. The members are
again ranked according to increasingQ1, after which the
worst ten parameter sets are discarded.

Convergence requires around 20 generations, after which
the 40 population members in a generation are essentially the
same, reaching an average value ofQ1<0.84 or an average
path normalization factorW<2.3, and a modified success
probability of p̃s<0.53 at generation 20. The associated fit-
test parameter set is given byA=−22.497 462, a
=2.449 118, b=0.550 239, x0=−1.143 219, and y0

=−0.804 378.
From the insight gained in the one-dimensional problem,

one might expect that the lowQ1 value and high success

probability p̃s, are indicative of the parameter set’s suitability
for an accurate calculation ofps. Analysis of the obtained
importance function according to quality measureQ2, how-
ever, shows that is not the case here. In contrast to the one-
dimensional problem, the parameter set optimized with re-
spect toQ1 leads to an extremely large variance in the path
weights w of successful paths. Specifically, a simulation
based on 106 trajectories reveals that the average weight of a
successful path iskwls<23103, while its variance is more
than six orders of magnitude larger, atkw2ls−kwls

2<43109.
As a result, the importance function optimized with respect
to Q1, despite its elevated success probabilityp̃s, is unreli-
able for an accurate estimation ofps.

Therefore, we repeat the above optimization process, but
now searching for parameter sets that lead to low values of
quality measureQ2. To this end we employ the same genetic
algorithm used above, but now ranking the population mem-
bers according to Eq.s36d. Convergence is again reached
after <20 generations, producing the parameter setA
=−14.646 743,a=1.882 146,b=0.845 562,x0=−1.089 187,
and y0=0.621 533. With this result the average successful
path weight becomeskwls<1.22 with a variancekw2ls

−kwls
2<5.6 and an average success probabilityp̃s<1.21

310−2. Running a batch of 106 path simulations using this
parameter set, we estimate the success probability in the
original system to beps=s3.8±0.2d310−7.

While the statistical quality of this estimate is good, its
value is significantly lower than the exact result obtained by
explicit matrix diagonalization. The reason for this becomes
clear after analyzing the successful trajectories generated by
the optimized importance function. It shows that only one of
the two reactive mechanisms is sampled with all reactive
paths passing through barrierS2. Accordingly, the obtained
estimator forps corresponds only to the probabilitypssS2d of
observing a reactive event associated with mechanismS2 and
thus underestimates the total success probability.

The failure of the above importance function to sample
both mechanisms is due to the fact that the position of its
minimum is closer to saddle pointS2. In this view, an im-
proved importance function may be obtained by forcing its
minimum to coincide with the position of the fail stateA. For
this purpose we repeat the genetic optimization algorithm,
but allowing only the parametersA, a, andb to vary, while
x0=xA and y0=yA are held fixed. Convergence is reached
after 30 generations, resulting in the parameter setA
=−10.285 377,a=3.601 954, andb=1.554 864, with x0

=−1.1 andy0=0, with an average successful path weight
kwls<1.0061 and variancekw2ls−kwls

2<3.66310−3 at a
success probabilityp̃s<1.8310−2. The drastic reduction of
the variance in the weight of successful paths is indicative of
the improvement of the obtained importance function com-
pared to the previous one. This is reflected in the fact that the
importance function now samples both transition mecha-
nisms, as is illustrated by the distribution ofy values of the
reactive paths as they crossx=0 shown in Fig. 8. As a result,
the estimated success probabilityps=s6.18±0.04d310−7, as
measured from a series of 106 path simulations, is now in
excellent agreement with the exact resultps=6.15310−7 ob-
tained by explicit matrix diagonalization. The relative contri-

FIG. 7. The natural logarithm of the optimal importance functionIoptsx,yd.
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butions due to both mechanisms, as obtained from the distri-
bution function in Fig. 8, arepssS1d=s2.49±0.02d310−7 and
pssS2d=ps−pssS1d=s3.69±0.02d310−7, respectively, the lat-
ter of which is in good agreement with the result obtained
using the previous importance function.

The difference between the last two optimization results
is indicative of difficulties with the optimization procedure.
While the first attempt could, in principle, have converged to
the last importance function, it encountered a worse local
minimum of Q2, leading to the sampling of only one of the
available reactive mechanisms. This demonstrates that an in-
dication of good statistical quality alone is not always suffi-
cient to guarantee an accurate estimate forps. On the other
hand, this problem is not a particular flaw of the present
importance sampling approach. Rather, it is a problem of
global optimization in general, in which one can never guar-
antee that an obtained result actually corresponds to the glo-
bal minimum of the problem at hand. Moreover, other rare-
event techniques are also sensitive to similar issues. The TPS
method, for instance, may suffer ergodicity problems when
the Markov chain of transition paths becomes dependent on
the initial transition path in systems where two or more com-
peting saddle points are separated by a high barrier. In the
context of the present approach, this issue calls for the ap-
plication of robust global optimization strategies including
more elaborate genetic algorithms than the one utilized here
and simulated annealing techniques. In this light, the impor-
tance sampling approach will benefit from the continuing
efforts in the development of effective global optimization
techniques.23

IV. SUMMARY

We have developed a general statistical-mechanical
framework for the recently proposed importance sampling
method16 for handling rare-event processes in atomistic
simulations and discussed practical aspects of its application.
The importance sampling method represents a different ap-
proach to the rare-event problem within the framework of the
statistical mechanics of system trajectories. The starting
point of the approach is the fact that one can unambiguously
slice a reactive trajectory from stateA to B into a sequence of
failed paths followed by a single successful path. The former
is defined as a sequence of microstates that initiates in region

A, exits it at some instant, but returns to it before reachingB,
while a successful path is defined as a sequence of states that
initiates inA and succeeds in reachingB before returning to
stateA. In this formulation, the probabilityps of sampling a
successful path from some initial condition inA is the most
fundamental quantity because if it is known the calculation
of the transition rate becomes straightforward.

The idea of the importance sampling method now is to
compute the success probability using a hit-or-miss Monte
Carlo quadrature approach, in which one samples a series of
trajectories from the fail/success ensemble and counts the
fraction of successful paths. However, if no special measures
are adopted this approach is doomed to fail since the prob-
ability of generating successful paths is typically very low,
leading to poor statistics through a large variance.

The strategy of the method then is to bias the sampling
of system paths so as to favor the generation of successful
paths. This is accomplished by means of an importance func-
tion, which affects the probability of sampling a given path.
The advantage of using an importance function is that it
contains all quantitative information needed to determine the
amount by which the sampling probability of a given path
has been biased. Formally, there exists an optimal impor-
tance function for which the bias is optimized and unsuccess-
ful paths are suppressed entirely, generating only reactive
transition events. In this manner, the rare-event problem has
been transformed into an optimization problem, that of iden-
tifying the best-possible importance function. In practice,
however, the identification of the optimal importance func-
tion is feasible only in simple problems involving few de-
grees of freedom. On the other hand, the optimal importance
function obeys a variational principle, which, similar to the
VMC method for determining a many-body ground state
wave function of a quantum system, provides a systematic
approach toward finding a suitable approximation. The
scheme is based on the choice of a trial function form con-
taining a set of adjustable parameters for the importance
function. The parameters are then adjusted so as to bring the
chosen trial function as close as possible to the optimal im-
portance function.

In the two model applications, this variational procedure
has demonstrated to be effective in generating good approxi-
mations to the optimal importance function, allowing an ac-
curate and efficient evaluation of the success probabilities
and the associated transition rates. Given that the importance
sampling strategy is general and not restricted to a particular
simulation method for generating system trajectories, it
should be widely applicable and provide a generic frame-
work for quantifying the statistics of rare-event processes in
atomistic simulations. Moreover, given the success of the
VMC method in handling relatively complex many-body
quantum systems, the variational approach appears to be
promising toward extending the applicability of the impor-
tance sampling method to realistic rare-event problems. The
two main challenges that need to be met to realize this goal
are to deduce guidelines for the construction of suitable trial
function forms involving multiple degrees of freedom and to
evaluate different minimization strategies for the optimiza-
tion of the corresponding sets of adjustable parameters.

FIG. 8. Distribution of y values of the reactive trajectories atx=0 as
sampled with the optimized importance function with fixedx0 andy0.
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