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Abstract

We develop numerical methods that efficiently compute image stress fields of defects in an elastic

cylinder. These methods facilitate dislocation dynamics simulations of the plastic deformation of

micro-pillars. Analytic expressions of the image stress have been found in the Fourier space, taking

advantage of the translational and rotational symmetries of the cylinder. To facilitate numerical

calculation, the solution is then transformed into the stress field in an infinite elastic body produced

by a distribution of body forces or image dislocations. The use of the fast Fourier transform (FFT)

method makes the algorithms numerically efficient.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Reliable fabrication and functioning of novel devices at the micro and nano scales
requires an understanding of the strength of crystals at these scales. While dislocation
motion in crystals (Hirth and Lothe, 1982) is known as the fundamental mechanism of
plastic deformation under a wide range of conditions, a quantitative connection between
the collective dynamics of dislocations and the plastic strength of the crystal is still lacking.
For bulk crystals, plastic strength such as flow stress can be measured experimentally and
considered as a size-independent material property. However, as the size of the material
decreases to micro and nano scales, the measured plastic strength is found to be size-
dependent (Swadener et al., 2002; Uchic et al., 2004; Wu et al., 2005; Nicola et al., 2006).
see front matter r 2007 Elsevier Ltd. All rights reserved.
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The origin of this size-dependence is generally attributed to the behavior of dislocations in
small volumes.
For example, compression of single-crystal micro-pillars (Greer et al., 2005) showed that

the flow stress increases dramatically when the pillar diameter drops below 1mm, exhibiting
a size effect in the absence of an imposed strain gradient. To explain this behavior, a
dislocation starvation model was proposed (Nix et al., 2004; Greer and Nix, 2006),
whereby in smaller samples the dislocations escape to the surface more quickly and plastic
deformation relies more on the supply of dislocations nucleated from the surface.
Competing models for the fundamental mechanisms also exist. Zuo and Ngan (2006)
argued that the volume-dependent rate of dislocation nucleation is sufficient to explain the
observed size effect. However, Uchic et al. (2006) reported the existence of dislocation
structures in Ni3Al pillars similar to those in the bulk, indicating the persistence of the
conventional Taylor hardening mechanism down to small scales. Therefore, more detailed
theoretical modeling and comparison with experiments is needed to identify the true
mechanism for the observed size effect.
Dislocation dynamics (DD) simulations have been developed as a way to link the

fundamental dislocation physics and the plasticity of bulk crystals (Devincre and Kubin,
1997; Schwarz, 1999; Ghoniem and Sun, 1999) and thin films (Schwarz, 2003; Ghoniem
and Han, 2005; Nicola et al., 2006). With the use of massively parallel computers, DD
simulations have successfully captured the strain hardening behavior of a ð10mmÞ3 volume
of a bulk crystal (Cai et al., 2004; Bulatov et al., 2004), which is larger than the volume of a
typical micro-pillar in the experiments. This means that we can potentially model the
behavior of all dislocations in the micro-pillar during the compression test, which presents
a unique opportunity to connect theoretical models with experiments. In order to do so, we
need to faithfully account for the effect of the cylindrical surface on the dislocations. An
important effect is the image stress that attracts the dislocations toward the surface. In this
paper, we present efficient methods to compute the image stress for DD simulations of the
plastic deformation of a cylinder.
2. Image stress problem

In DD simulations, the dislocations are usually discretized into straight segments
connecting a set of nodes (Weygand et al., 2001; Cai et al., 2004). The most time-
consuming part of a DD simulation is the evaluation of the forces on the nodes, which are
proportional to the stress field integrated on the neighboring segments with appropriate
weighting functions. The stress field is the sum of the external stress, usually a constant,
and the internal stress due to the dislocation segments themselves, which varies from point
to point. The internal stress field of an arbitrary dislocation segment has analytic
expressions for an infinite linear isotropic solid, which is usually a good approximation
of a bulk crystal. However, for elastic bodies with large surface to volume ratios, the
effects of surfaces need to be accounted for explicitly. Unfortunately, analytic expressions
for the internal stress usually do not exist, except for highly idealized situations (Gosling
and Willis, 1994).
To obtain the internal stress field of a dislocation in an elastic medium O with free

surface S, we usually need to solve the image stress problem, which is originally introduced
by Eshelby (1979). Let s1ij be the internal stress field of the same dislocation in an infinite
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Fig. 1. (a) The internal stress field, s1ij , of a dislocation loop in an infinite body requires surface tractions F j when

applied to a finite body. (b) The image stress field simg
ij is the response of a defect-free finite body to surface tractions

Tj ¼ �F j . (c) The total internal stress field of a finite body with zero surface tractions is stotij ¼ s1ij þ simg
ij .
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body. When applied to domain O, it requires a set of tractions on surface S

Fj ¼ s1ij ni (1)

in order to satisfy equilibrium, as shown in Fig. 1(a). If the domain O is subjected to zero-
traction (i.e. free surface) boundary conditions, we need an image solution which cancels
Tj on the surface when superimposed on the infinite body solution. We denote the image
stress simg

ij , which is the stress in a dislocation-free medium O when its surface S is subjected
to tractions

Tj ¼ �F j ¼ �s1ij ni. (2)

The total internal stress in O under zero surface traction is then

stotij ¼ simg
ij þ s1ij . (3)

Therefore, the forces on the dislocation nodes inside O contain contributions from the
infinite-body stress s1ij , the image stress simg

ij , and the external stress, integrated on the
neighboring segments.

The superposition approach outlined above can be generalized by considering the
dislocation stress field s ~Oij in an arbitrary domain ~O must contain the domain of interest,
(i.e. O � ~O) but does not have to be infinite. As long as the analytic solution of the stress
field s ~Oij exists, it can be used to construct the stress field of interest, stotij ¼ s ~Oij þ simg

ij . In this
case, the image stress field, simg

ij , is defined as the stress induced in domain O when its
surface S is subjected to traction Tj ¼ �s

~O
ij ni. In most part of this paper, we will consider

~O as the infinite medium. However, in some cases it may be advantageous to consider ~O as
an elastic half space whose flat surface is tangent to the cylinder. An analytic solution exists
for the dislocation stress field in an isotropic elastic half space (Gosling and Willis, 1994).
More discussion along this line is given in Section 4.1.

To evaluate the total forces on dislocations inside O, we need to compute the stress field
produced in O in response to a general set of surface tractions. The standard method to do
so is the finite element method (FEM), which has been combined with DD methods to
solve the image stress (Weygand et al., 2001, 2002). However, it is of interest to develop
more efficient methods, because DD simulations require a lot of image stress calculations
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to high accuracy. For example, DD simulations of crystal plasticity usually requires �106

time steps and the image stress field needs to be computed at each step. Furthermore, the
stress field must be integrated over line segments to compute nodal forces. This increases
the computational load if the integration is done numerically. This paper presents four
alternative image stress methods which are potentially more efficient.

3. Analytic solutions of image stress in a cylinder

An important advantage of FEM is that, being a general method, it is applicable to elastic
bodies with arbitrary shapes. However, for elastic bodies with special shapes, we may be able
to take advantage of the symmetries and develop analytic tools that can lead to more efficient
and accurate methods. If we assume periodic boundary conditions (PBC) along its axis, an
elastically isotropic cylinder has translational symmetry along and rotational symmetry
around this axis. An arbitrary surface traction can be decomposed into a sum of Fourier
modes (plane waves) on the cylinder surface. Because of the symmetries, these Fourier modes
do not couple with each other. The stress field produced by each Fourier mode can be
obtained analytically and the image stress field is the summation of the contributions from all
Fourier modes. This is the basic idea behind the methods to be presented below. Section 3.1
gives an overview of the four different methods to be discussed in detail. Section 3.2 describes
the analytic solutions of an elastic cylinder subjected to a plane-wave surface traction, which
leads to Method I. Section 3.3 describes a similar set of solutions for an inverted cylinder, i.e.
an infinite medium with a cylindrical hole, subjected to a plane-wave traction on its internal
surface. Section 3.4 combines these two solutions together and maps the original cylinder
problem to an infinite body with different internal stress sources. These mappings lead to
Methods II–IV of image stress calculation, which will be discussed in Section 3.5. Numerical
benchmark results of these methods will be compared in Section 4. The numerical efficiency
scaling behavior of these methods in comparison with conventional FEM and boundary
element methods (BEMs) will be discussed in Section 5.

3.1. Solution overview

Consider an elastically isotropic cylinder with length L subjected to PBC along its axis
shown in Fig. 3. Let Tðz; yÞ be an arbitrary distribution of traction forces on the cylindrical
surface, which can be represented in terms of Fourier modes

Tðz; yÞ ¼
X

k

X
n

T̂ðkz; nÞ exp½ikzzþ iny�, (4)

where kz ¼ 2pk=L and k, n are integers. For each Fourier mode, the displacement field
inside the cylinder, ûðkz; n; rÞ, can be found analytically (see Section 3.2), so that the
displacement field in response to the traction force can be found simply by superposition,

uðz; y; rÞ ¼
X

k

X
n

ûðkz; n; rÞ exp½ikzzþ iny�. (5)

The stress field follows from the displacement field simply by taking a spatial derivative
and multiplying the elastic constants.

rðz; y; rÞ ¼
X

k

X
n

r̂ðkz; n; rÞ exp½ikzzþ iny�. (6)
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In practice, the traction force distribution Tðz; yÞ can be sampled on a nq � nz regular
mesh on the cylindrical surface, where nq and nz are the number of sampling points along
the perimeter and length of the cylinder, respectively. The traction forces are best
represented in cylindrical coordinates, i.e. T ¼ ðTr;Ty;TzÞ, leading to three nq � nz

matrices. The Fourier coefficients, T̂ ¼ ðT̂ r; T̂y; T̂ zÞ, can then be obtained by 2-dimensional
fast Fourier transforms (FFT) of the three matrices, Tr, Ty and Tz, separately. Given these
Fourier coefficients, the stress field at an arbitrary point inside the cylinder can be obtained
analytically from Eq. (6) by summing over nq � nz Fourier modes. Because the summation
over Fourier modes is truncated, the stress field obtained in this way will be more accurate
with increasing nq and nz. The analytic expressions for ûðkz; n; rÞ and r̂ðkz; n; rÞ involve
Bessel functions of r, thus we will refer to this method of computing the image stress as
Method I (Bessel).

We can improve the numerical efficiency of Method I and simplify its implementation by
transforming the original problem of an elastic cylinder into that of an infinite elastic
medium. The two problems are equivalent in the sense that the stress field inside the
cylindrical region of the infinite body exactly matches the stress field inside the original
cylinder. In order to satisfy this condition, the infinite medium needs to contain a set of
internal stress sources on its internal cylindrical interface, either in the form of body forces,
fðz; yÞ, displacement discontinuities ½juj�ðz; yÞ, or dislocations bðz; yÞ; they will be called
equivalent stress sources. Because the stress field generated by body forces, displacement
discontinuities, and dislocation lines in an infinite medium involves Green’s function,
Volterra’s formula and Mura’s formula, we arrive at three new methods, which will be
called: Method II (Green), Method III (Mura), and Method IV (Volterra). The distribution
of these equivalent stress sources, e.g. fðz; yÞ and ½juj�ðz; yÞ, are first obtained in the Fourier
space and then transformed to real space by FFT. Fig. 2 sketches the flow chart of all four
methods. Their details will be presented in the following sections. The transformation of
the original cylinder problem to an equivalent problem of an infinite body also leads to a
simple expression for the elastic energy. This allows us to check the self-consistency
between force and energy, as will be verified in Section 4.

3.2. Solution of a cylinder in Fourier space

Analytic solutions of an infinite and elastically isotropic cylinder subjected to arbitrary
surface tractions have been proposed at the end of the 19th century by Pochammer (1876)
and Chree (1889). Dynamic wave propagation along an infinite elastic cylinder has also
been studied (Achenbach, 1982; Kim and Steele, 1989a, b, 1990). Recent work on static
problems is focused on finite or semi-infinite length cylinders (see references in Chau and
Fig. 2. Flow chart for the four different methods of image stress calculation.
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Fig. 3. The Cartesian (x; y; z) and cylindrical (r; y; z) coordinate systems to describe an elastic cylinder.
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Wei, 2000). While most of these analyses are restricted to axisymmetric loading (Kim and
Steele, 1992; Wei and Chau, 2000), a solution for finite length cylinders under arbitrary
surface load has been proposed (Chau and Wei, 2000). In this work, we make the
simplifying assumption that the cylinder is subjected to PBC so that the end effects can be
ignored. It is then relatively easy to adapt the dynamic wave solutions obtained earlier to
the static problem. While various analytic approaches exist to solve elasticity problems of a
cylinder, we will follow the displacement potential approach, similar to that used by
Achenbach (1982). The resulting solution is equivalent to that obtained by Pochammer
(1876) and Chree (1889), but the use of displacement potential makes the derivation much
easier to follow.
The equilibrium condition in an isotropic body can be written in terms of the

displacement field, u, as

mr2uþ ðlþ mÞrr � u ¼ 0, (7)

where l and m are Lamé constants. The displacements can be written in terms of
displacement potentials, f (scalar potential) and w (vector potential), as

u ¼ =fþ =� w (8)

and the equilibrium condition reduces to (Achenbach, 1982)

=½ðlþ 2mÞr2f� þ =� ½mr2w� ¼ 0. (9)

The general solution of this equation in an infinite elastic cylinder can be expressed as

f ¼
m

lþ 2m

X
n

X
kz

Aðkz ;nÞr
d

dr
JnðikzrÞ einyþikzz, ð10Þ
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cr ¼
X

n

X
kz

iBðkz;nÞJnþ1ðikzrÞ � iAðkz;nÞr
d

dr
Jnþ1ðikzrÞ

� �
einyþikzz, ð11Þ

cy ¼
X

n

X
kz

Bðkz;nÞJnþ1ðikzrÞ � Aðkz ;nÞr
d

dr
Jnþ1ðikzrÞ

� �
einyþikzz, ð12Þ

cz ¼
X

n

X
kz

iCðkz;nÞJnðikzrÞ þ iAðkz ;nÞr
d

dr
JnðikzrÞ

� �
einyþikzz. ð13Þ

This solution is similar to the dynamic (wave) solution presented in Achenbach (1982)
but additional terms (associated with Aðkz ;nÞ) are added to remove degeneracy in the static
limit. The solution described in Eqs. (10)–(13) is applicable to elastic fields that vary in
both the z- and the y-directions. The solutions that do not vary in the z-direction must be
handled separately. These special cases are detailed in Appendix A.

Given the displacement field, the stress field can be obtained by taking spatial derivatives
and multiplying the elastic constants. To save space, the explicit expressions for the
stress components are not included here, but they do depend on the coordinates r, y and z,
as well as on coefficients Aðkz;nÞ, Bðkz ;nÞ and Cðkz;nÞ, and can be expressed in the following
matrix form:

srr

syy
szz

sry

srz

syz

0
BBBBBBBBB@

1
CCCCCCCCCA
¼ DðrÞ �

A

B

C

0
B@

1
CAeinyþikzz, (14)

where for brevity we have omitted the subscripts ðkz; nÞ that specifies each Fourier mode.
The coefficients A, B and C for each Fourier mode can be determined by matching the
boundary conditions at the cylindrical surface, where a specified traction force Tðz; yÞ is
applied. The traction force corresponding to Fourier mode ðkz; nÞ is T̂ðkz; nÞ einyþikzz, as
given in Eq. (4). Let T̂ r, T̂y, T̂ z be the components of T̂ðkz; nÞ in cylindrical coordinates.
They are identical to srr, sry, srz in Eq. (14), when evaluated at the outer radius r ¼ 1.
Therefore, T̂ r, T̂y, T̂ z and A, B, C are related by

T̂ r

T̂y

T̂ z

0
B@

1
CA ¼M �

A

B

C

0
B@

1
CA, (15)

where matrix M is a sub-matrix of matrix DðrÞ evaluated at r ¼ 1. A different matrix M

exists for each Fourier mode ðkz; nÞ. The analytic expression for matrix M is given
in Appendix A.

The coefficients of every Fourier mode can be obtained by the following procedure. The
traction force distribution Tðz; yÞ is first sampled on a nq � nz regular mesh on the
cylindrical surface and expressed in cylindrical coordinates, T ¼ ðTr;Ty;TzÞ, leading to
three nq � nz matrices. The values of T̂ r, T̂y, T̂ z for each Fourier mode ðkz; nÞ is obtained
by 2-dimensional FFTs of the Tr, Ty, Tz matrices, respectively. The coefficients A, B, C are
then obtained by solving Eq. (15) through the inverse of matrix M for each Fourier mode.
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In a few special cases, the matrix M will be singular, i.e. its inverse does not exist. This
corresponds to net applied forces or moments that the cylinder cannot support physically.
Fortunately, when we are trying to solve an image stress problem, these unphysical force
distributions should not arise in the first place. The numerical procedure to treat these
special cases is discussed in Appendix A. This procedure is very efficient with the use of
FFT. The inverse of the matrix M can be pre-computed, so the solution of Eq. (15)
involves at most the multiplication of a 3� 3 matrix for each Fourier mode. Once the
Fourier coefficients are determined, the stress field at any point inside the cylinder can be
obtained by superimposing the contributions, Eq. (14), from every Fourier mode.
Similarly, we can also apply displacement boundary conditions to the cylinder surface.

The surface displacement for each Fourier mode ðkz; nÞ are related to the Fourier
coefficients through another matrix N,

ur

uy

uz

0
B@

1
CA ¼ N �

A

B

C

0
B@

1
CA, (16)

where again we have omitted the subscript ðkz; nÞ for brevity. Similarly, this expression can
be inverted to solve for the coefficients A, B, and C, from a specified displacement field. In
this case, the N matrices will always be invertible, because the displacement potentials in
Eqs. (10)–(13) can represent arbitrary displacement fields. This solution will be used later
to map the elastic cylinder problem to an equivalent problem of an infinite elastic medium
containing a set of image dislocations.

3.3. Solution of an inverted cylinder in Fourier space

The solution to the inverted cylinder (i.e. an infinite medium containing a cylindrical
hole) subjected to arbitrary surface tractions (on the inner surface of the hole) can be found
in much the same way as for the cylinder. However, the Bessel functions in Eqs. (10)–(13)
must be replaced by functions that satisfy the same set of equations but have a well-
defined limit as r!1. Thus, for the inverted cylinder problem the general expression for
the displacement potential is

f ¼
m

lþ 2m

X
n

X
kz

A0ðkz ;nÞ
r
d

dr
H ðaÞn ðikzrÞe

inyþikzz, ð17Þ

cr ¼
X

n

X
kz

iB0ðkz ;nÞ
H
ðaÞ
nþ1ðikzrÞ � iA0ðkz;nÞ

r
d

dr
H
ðaÞ
nþ1ðikzrÞ

� �
einyþikzz, ð18Þ

cy ¼
X

n

X
kz

B0ðkz;nÞ
H
ðaÞ
nþ1ðikzrÞ � A0ðkz;nÞ

r
d

dr
H
ðaÞ
nþ1ðikzrÞ

� �
einyþikzz, ð19Þ

cz ¼
X

n

X
kz

iC0ðkz;nÞ
H ðaÞn ðikzrÞ þ iA0ðkz;nÞ

r
d

dr
H ðaÞn ðikzrÞ

� �
einyþikzz, ð20Þ

where a equals 1 or 2 and denotes the Hankel functions of the first or second kind. To give
the correct limiting behavior of the Hankel functions (with purely imaginary arguments),
a ¼ 1 when kz40 and a ¼ 2 when kzo0. The stress fields can be obtained from the
displacement potential in the same way as before. The stress field contribution from each
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Fourier mode can be expressed in terms of the yet undetermined coefficients, A0, B0,
and C0, in a matrix form

srr

syy
szz

sry

srz

syz

0
BBBBBBBBB@

1
CCCCCCCCCA
¼ D0ðrÞ �

A0

B0

C0

0
B@

1
CAeinyþikzz. (21)

The coefficients can be related to the surface tractions prescribed on the hole surface
(r ¼ 1) through the relationship

T̂ r

T̂y

T̂ z

0
B@

1
CA ¼M0 �

A0

B0

C0

0
B@

1
CA, (22)

where M0 is a sub-matrix of D0ðrÞ evaluated at r ¼ 1. The traction forces on the inner
surface of the cylindrical hole are ð�T̂ r;�T̂y;�T̂zÞ when expressed in cylindrical
coordinates. The inverted cylinder problem also has a number of special cases, in some
of which M0 cannot be inverted. The analytic expressions for M0 and these special cases are
discussed in detail in Appendix B.

Similarly, if the cylindrical surface is subjected to a prescribed displacement boundary
condition, the Fourier coefficients can be obtained from their relationship with the surface
displacements

ur

uy

uz

0
B@

1
CA ¼ N0 �

A0

B0

C0

0
B@

1
CA. (23)

Thus, the unknown Fourier coefficients A0, B0 and C0 can be determined by Fourier
transforming the applied traction or displacement fields and inverting Eq. (22) or (23). The
resulting stress field can then be found by superimposing the contributions, Eq. (21), from
every Fourier mode, in exactly the same way as for the cylinder problem.1

3.4. Equivalent problems in an infinite medium

In the above we have described an FFT-based method to find the stress field at an
arbitrary point in an elastic cylinder subjected to arbitrary traction forces on the boundary.
This can be used to compute image stress fields due to the free surface in a DD simulation.
However, it is desirable to further improve the numerical efficiency of this method for the
following reasons.
1The solution for the inverted cylinder is introduced here to facilitate the computation of the image stress of

dislocations in a cylinder (Section 3.4). In this context, the inverted cylinder will be subjected to surface tractions

but will not contain dislocations. The solution developed here can also be used to compute the image stress for

dislocations inside an inverted cylinder (which is beyond the scope of this paper). In this case, the elastic medium is

multi-connected medium and the choice of the cut-plane for the dislocation affects the stress field (Lubarda, 1999).
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First, the calculation of stress at a given point still requires a summation over all
Fourier modes, which is time consuming. Let Nm ¼ nq � nz be the number of grid
points on the surface mesh. Nm is also the number of Fourier modes that need to be
summed together to compute stress. The most time-consuming part in determining the
Fourier coefficients of the solution is the transformation of surface traction into Fourier
space. With FFT, this computational time scales as Nm logNm, which is very
efficient. However, after the Fourier coefficients have been determined, the calculation
of the image stress on Ns dislocation segments still requires OðNmNsÞ number of
operations, which is inefficient. Suppose if we can convert the stress generated by these Nm

Fourier modes into Nm equivalent stress sources (such as a distribution of body forces or
image dislocations) in the real space, then more efficient algorithms can be applied to
compute the stress field. For example, in the fast multipole method (FMM), only the
contributions from stress sources close to the point of interest will be evaluated
individually. Contributions from stress sources that are farther away are lumped together
and represented by a multipole expansion. This should significantly improve the
computational efficiency.
Second, in DD simulations, we need to integrate the stress field along straight

dislocation segments. This will significantly raise the computational cost if the
integration is performed numerically—by evaluating the stress at multiple points on each
segment. It would be useful if we can find analytic expressions for the image stress
field integrated over arbitrary straight segments. For the stress field generated by a point
force or a straight dislocation segment in an infinite elastic medium, its integral over
another straight segment can be obtained analytically. For example, these analytic
expressions have been used in DD simulations in the bulk (Cai et al., 2004; Arsenlis et al.,
2007) to improve computational efficiency. Converting the cylinder problem to an infinite-
medium problem would allow us to take advantage of both FMM and analytic
integration.
In this section, we will map the original cylinder problem to an equivalent problem of an

infinite medium. The two problems are equivalent in the sense that in a cylindrical region
inside the infinite medium the stress field is identical to that in the original cylinder. To
satisfy this condition, the infinite medium should contain a set of equivalent stress sources,
either as body forces or as image dislocations, distributed on its internal cylindrical
interface. First, the distribution of these equivalent stress sources needs to be solved for.
After that, the stress field produced by these sources can be computed based on analytic
expressions.
The procedure of constructing such an equivalent problem can be visualized as

inserting the cylinder of interest inside an inverted cylinder (i.e. a cylindrical hole), as
shown in Fig. 4. The union of these two elastic objects is an infinite elastic body. Let uc
and uh be the displacement field on the surface (S) of the cylinder (C) and the hole (H),
respectively; and let T̂c and �T̂h be the traction force on the surface of the cylinder and
the hole, respectively. There are two different scenarios that are useful to consider
separately.
First, imagine that both the cylinder and the hole have an identical displacement field at

the cylindrical surface, uc ¼ uh, as shown in Fig. 4. Let us further assume that the imposed
displacement field consists of a single Fourier mode, i.e. its y and z dependence is of
the form einyþikzz. In this case, uc and T̂c are related through matrices M and N, according
to Eqs. (15)–(16), while uh and T̂h are related through matrices M0 and N0, according
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Fig. 4. Insert a cylinder into an infinite medium with a cylindrical hole with matching displacement field at the

cylindrical surface, i.e. uc ¼ uh. After the insertion, a total force of T̂c � T̂h has to be applied at the (internal)

cylindrical surface of the infinite medium to maintain equilibrium.

Fig. 5. Insert a cylinder into a cylindrical hole when the traction forces applied on their surfaces are equal in

magnitude and opposite in direction, T̂c ¼ T̂h. After the insertion, no external forces need to be applied to the

infinite medium (because T̂c � T̂h ¼ 0), but there will be a displacement jump across the cylindrical interface,

which can be accommodated by dislocations distributed on the cylindrical surface.
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to Eqs. (22)–(23),

T̂c ¼MN�1uc, ð24Þ

T̂h ¼M0N0
�1
uh. ð25Þ

After the cylinder is inserted into the hole, the displacement field will be continuous across
the cylindrical surface, i.e. the displacement jump will be zero,

½jûj� � uc � uh ¼ 0 (26)

but we still need to apply external forces at the cylindrical surface,

f̂ ¼ T̂c � T̂h ¼ ðMN�1 �M0N0
�1
Þ uc (27)

in order to maintain equilibrium. f̂ is the equivalent body force that will generate the same
stress field inside the infinite body as that in the original cylinder. Given Eq. (24), the
equivalent body force can also be expressed in terms of the traction force on the original
cylinder, T̂c, as

f̂ ¼ ðI�M0N0
�1
NM�1ÞT̂c, (28)

where I is a 3� 3 identity matrix.
Second, imagine the scenario that the cylinder and the hole are subjected to surface

tractions that are equal in magnitude but opposite in sign, i.e. T̂c ¼ T̂h, as shown in Fig. 5.
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In this case, we will use the following relationship between uc, T̂c, uh, and T̂h:

uc ¼ NM�1T̂c, ð29Þ

uh ¼ N0M0
�1
T̂h. ð30Þ

After the insertion, we do not need to apply any external forces to the infinite medium
because T̂c and T̂h exactly cancel each other,

f̂ ¼ T̂c � T̂h ¼ 0, (31)

but there will be a displacement jump across the cylindrical interface,

½jûj� � uc � uh ¼ ðNM�1 �N0M0
�1
ÞT̂c. (32)

The displacement jump can be accommodated by introducing appropriate dislocations at
the cylindrical interface. Similar to Eq. (28), we can also express the equivalent
displacement jump in terms of the displacement field on the surface of the original cylinder.

½jûj� ¼ ðI�N0M0
�1
MN�1Þ uc. (33)

Because the original image stress problem is specified in terms of the traction force T̂c on
the cylinder surface, Eqs. (28) and (32) will be most useful for our purposes.
When an elastic cylinder is subjected to surface traction Tcðy; zÞ, its surface will

experience a displacement ucðy; zÞ. The elastic energy stored inside the cylinder can be
expressed as an integral over the cylindrical surface,

Ec ¼
1

2

Z
S

Tcðz; yÞ � ucðz; yÞdS. (34)

However, for DD simulations, we are interested in the total elastic energy, Etot, of a
cylinder containing a set of dislocations but subjected to traction-free boundary
conditions. For example, when the dislocations are discretized into a set of nodes
(connected by segments), the forces on the node i is simply

f i ¼ �
qEtot

qri

, (35)

where ri is the position of node i. Because analytic expressions are available for the elastic
energy of an arbitrary dislocation network in an infinite medium, E1, it is useful to
decompose Etot into two parts,

Etot ¼ E1 þ E img, (36)

where E img accounts for the difference of the elastic energy when the same set of
dislocation is embedded in a cylinder and that in an infinite medium. E img can be readily
computed using the quantities obtained above,

Eimg ¼ �
1

2

Z
S

Tcðz; yÞ � ½juj�ðz; yÞdS ¼ �prL
X

kz

X
n

T̂cðkz; nÞ � ½jûj�ð�kz;�nÞ, (37)

where r, L are the radius and length of the cylinder, respectively. This equation will be
derived in Appendix C.
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3.5. Real-space methods for image stress calculation

The two equivalent problems in the previous section can be used to construct real-space
methods to compute image stress in an elastic cylinder. They are Methods II–IV shown
in Fig. 2.

In Method II, the traction force Tðz; yÞ on the cylinder surface is first transformed to
Fourier space, T̂ðkz; nÞ, by FFT. Using Eq. (28), T̂ðkz; nÞ is then converted into an
equivalent set of body forces, f̂ðkz; nÞ, acting on the internal cylindrical interface of an
infinite medium. The body forces is transformed into the real space, fðz; yÞ, by inverse FFT.

The displacement field inside the cylinder can be obtained from the elastic Green’s
function (Mura, 1991),

uiðxÞ ¼

Z
S

Gijðx� x0Þf jðx
0Þdx0, (38)

where the integral is over the cylindrical surface. The stress field can be obtained from the
displacement field by taking spatial derivatives and multiplying the elastic constant Cijkl ,

sijðxÞ ¼

Z
S

CijklGkm;lðx� x0Þf mðx
0Þdx0. (39)

The Green’s function has an analytic expression in an isotropic linear elastic medium,

GijðxÞ ¼
1

16pmð1� nÞjxj
ð3� 4nÞdij þ

xixj

jxj2

� �
, (40)

where n ¼ l=2ðlþ mÞ is Poisson’s ratio. In practice, the integral over the cylindrical surface
is approximated by a sum over a regular mesh containing a set of point forces. This
method is labeled Method II (Green) due to the use of Green’s function.

In Method III, the Fourier representation of the traction force T̂ðkz; nÞ is converted,
using Eq. (32), into an equivalent displacement jump, ½jûj�ðkz; nÞ, on the internal cylindrical
interface of an infinite medium. The displacement jump is transformed into the real space,
½juj�ðz; yÞ, by inverse FFT.

The elastic displacement inside the cylinder caused by this displacement jump can be
obtained from Volterra’s formula,

uiðxÞ ¼

Z
S

CjkmnnnGij;kðx� x0Þ½juj�mðx
0Þdx0, (41)

where n is the local normal vector of the surface S. The stress field can be obtained by
taking spatial derivatives and multiplying the elastic constant,

sijðxÞ ¼

Z
S

CijklCpqrsnsGkp;qlðx� x0Þ½juj�rðx
0Þdx0. (42)

In practice, the integral over the cylindrical surface is approximated by a sum over a
regular mesh containing a set of infinitesimal dislocation loops. This method is labeled
Method III (Volterra) due to the use of Volterra’s formula.

Method IV follows the same procedure as Method III until the real-space displacement
jump ½juj�ðz; yÞ is obtained. Instead of approximating the ½juj�ðz; yÞ field as a set of
infinitesimal dislocation loops, we can approximate it as a set of overlapping rectangular
dislocation loops, as shown in Fig. 6. This structure is equivalent to a network of
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Fig. 6. The distribution of image dislocations based on displacement jump at regular sample points. The black

dots represent the mesh points at which the displacement jumps are known from inverse FFT. The black lines are

the dislocation line segments whose Burger’s vectors are the difference between the dislocation jump at two

adjacent mesh points.
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dislocations, where the dislocation lines lie on the edge of the rectangles. We call these
dislocations segments image dislocations, to distinguish them from the ‘‘real’’ dislocations
that may exist inside the cylinder. The Burgers vector on each segment is the difference
between the displacement jump at neighboring sample points. (It is easy to show that the
Burgers vector is conserved at every node where four dislocation segments join together.)
The image stress field can then be computed from these image dislocation segments using
Mura’s formula,

sabðxÞ ¼
I

Cabkl�lnhCpqmnbmvnðx
0ÞGkp;qðx� x0ÞdLðx0Þ. (43)

The
H
symbol emphasizes the fact that the Burgers vector must be conserved everywhere

(in other words, the dislocation line cannot end by itself). Analytic expressions for the
stress field produced by an arbitrary straight dislocation segment have been derived for
isotropic linear elastic infinite medium (Hirth and Lothe, 1982). The stress field of the
image dislocation network can then be computed as the sum of the contribution from each
straight segment. This method is labeled Method IV (Mura) due to the use of Mura’s
formula.
Methods II–IV all have the advantage that, being real-space methods, they can make use

of the FMM to enhance computational efficiency. The stress contributions from body
forces or image dislocations far away from the field point can be lumped together and
represented by a multipole expansion. The stress field produced by body forces or image
dislocations are also sufficiently simple to allow analytic integrations over straight
segments (that experience the Peach–Koehler force). In particular, both FMM and
analytic expressions of stress integrated over straight segments have been implemented in
the ParaDiS DD code. This means that, presently, Method IV has the advantage that it
can use the efficient stress calculation algorithm that is already implemented in DD
simulations. However, the implementation of FMM and analytic expressions of stress
integrals is also straightforward for Methods II and III. We expect this to be a worthwhile
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Fig. 7. An infinite straight edge dislocation in a cylinder offset by x2.
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endeavor because Methods II and III seem to have better convergence behavior than
Method IV, as will be seen in Section 4.

Because PBC are applied along the z axis, we need to account for the stress contributions
from an infinite number of replicas of each point force or image dislocation on the
cylindrical interface. This can be easily done within the FMM (Challacombe et al., 1997).

Recently, a non-singular continuum theory of dislocations has been developed where the
difficulty of defining self-forces on dislocations has been removed by allowing dislocations
to spread out smoothly in space (Cai et al., 2006). The advantages of this theory can be
inherited in Method IV since we have converted the original problem to an infinite elastic
medium containing a set of ‘‘real’’ and ‘‘image’’ dislocations. The same idea can also be
applied to Methods II and III to remove the elastic singularity self-consistently.

4. Numerical results

In this section, we present three test cases to check the convergence, accuracy, and self-
consistency of all the methods presented above, i.e. I (Bessel), II (Green), III (Volterra), IV
(Mura), for computing image stresses and image forces on dislocations in a cylinder.

4.1. Test case 1

Consider, for numerical comparison, the image stress of a straight edge dislocation
inside a cylinder. As shown in Fig. 7, the Burgers vector is along x and the dislocation is
offset from the origin along x by x2. The image stress field of this configuration has been
found analytically2 (Eshelby, 1979). The stress component that gives rise to a
Peach–Koehler force on the dislocation itself is

simg
xy ¼

mbx2

2pð1� nÞðr2 � x2
2Þ
. (44)
2Eshelby also obtained the analytic expressions for the screw dislocation of a similar configuration, which could

be used for comparison as well.
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Fig. 8. The relative error as a function of the number of grid points in the perimeter, nq, for the image force on an

edge dislocation located at (a) x2 ¼ 0:5 and (b) x2 ¼ 0:9. (c) The relative error as a function of radial position for

the infinite body and half space solutions.
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This will be used as a benchmark to compare with our numerical results. For simplicity, we
choose the parameters such that mb=2pð1� nÞ ¼ 1, the cylinder radius r ¼ 1 and length
L ¼ 6. Fig. 8(a) and (b) shows the relative error of the four numerical methods as a
function of nq for the cases of x2 ¼ 0:5 and 0.9, respectively. The number of mesh points
along the cylinder axis is kept at nz ¼ 2nq. For Methods II–IV, the effect of periodic images
along the cylindrical axis (where PBC is applied) is accounted for by including 50 images
on each side explicitly, and using a multipole expansion for the rest.
In Fig. 8(a), Methods I–III all show exponential decay of the relative error with

increasing nq (as indicated by a straight line in the semi-log plot), until round-off precision
is reached. However, Method IV (using finite image dislocation segments) shows a much
slower, power-law convergence.
Fig. 8(b) shows that the convergence is slower for all methods when the field point (now

B) moves closer to the cylindrical surface. In particular, Method III (Volterra) shows very
large error for at low nq. This is because the stress field of an infinitesimal dislocation loop
scales as OðR�3Þ, where R is the distance between the field point and the image dislocation
loop (on the cylindrical surface). In comparison, the stress field of a point force and that of
an infinitesimal dislocation segment both scale as OðR�2Þ. Therefore, Method II (Green)
and IV (Mura) both show a higher accuracy at point B compared with Method III
(Volterra). Nonetheless, at sufficiently large nq, all methods exhibit good numerical
accuracy compared with analytic solutions. These results suggest that it may be
advantageous to use different methods to compute image stress depending on the distance
between the field point and the cylindrical surface. For example, Methods II–IV all suffer
from singularities of stress sources at the cylinder surface. However, the solution from
Method I contains no singularities and is completely well behaved.
Fig. 8(a) and (b) indicates that, for a fixed number of surface mesh points, the accuracy

of our numerical results deteriorates as the dislocation approaches the cylindrical surface.
In Methods II–IV, the image stress fields are represented by the superposition of the
singular stress fields of equivalent stress sources (body forces, displacement jumps, or
image dislocations). When the separation between the dislocation and the free surface is
smaller than the distance between neighboring mesh points, the dislocation will experience
the singularity of these equivalent stress sources and the numerical error is expected to be
large. Fig. 8(c) plots the relative error of the image stress as a function of the dislocation
position for both Methods I and II with nq ¼ nz=2 ¼ 97. Two sets of data are shown,
corresponding to two different approaches to obtain the image stress. The first approach is
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the same as that used in Fig. 8(a) and (b) where numerical method is directly applied to
compute the image stress. The relative error exceeds 50% when x2 reaches 95% of the
cylinder radius. The second approach takes advantage of the analytic solution for the
dislocation stress field in an elastic half space. The numerical method only computes
the difference between the image stress for the dislocation in an elastic cylinder and that in
the half space (see Section 2). The surface of the elastic half space is chosen to be tangent to
the cylindrical surface at the intersection with the positive x axis. The relative error in the
second approach is smaller than 0:5% regardless of the dislocation position. This is
because the image stress solution in an elastic half space becomes an increasingly better
approximation for the image stress in a cylinder as the dislocation approaches the
cylindrical surface. It is also interesting that the relative error for Method I and Method II
are comparable in both approaches, even though Method I is free from the artificial
singularities that exist in Method II. This suggests that the ‘‘singularity amplification’’ is
not a main source of numerical error in the image stress calculation here. In practical
applications, it is advisable to take advantage of the analytic solutions of dislocation stress
fields in an elastic half space, which also exist in 3D (Gosling and Willis, 1994), to reduce
numerical error. This idea has been discussed in Tang et al. (2006) and can be combined
with the methods presented in this paper.

4.2. Test case 2

The test case considered above is a 2-dimensional problem which only tests the special
case of kz ¼ 0 for our algorithms. In this test case, we consider a circular prismatic
dislocation loop concentric with the cylindrical axis, discretized with 10 equally spaced
nodes connected by straight segments, as shown in Fig. 9(a). The radius of the cylinder is
b
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Fig. 9. (a) A concentric prismatic loop in a cylinder. (b) The relative error in the image force acting on the node as

a function of nq.
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r ¼ 1 and the length is L ¼ 6. The radius of the dislocation loop is rd ¼ 0:8. The Burgers
vector is parallel to the cylinder axis and has magnitude 1.
In Methods I–III, the image forces on the dislocation nodes are calculated by

numerically integrating the stress field on neighboring segments using the midpoint rule
with 10 quadrature points. In Method IV (Mura), because the image stress fields are
represented in terms of image dislocation segments, the image nodal forces are computed
using the analytic expressions for the stress field of one segment integrated over another
segment (Cai et al., 2004; Arsenlis et al., 2007). In Methods II–IV, the effects of the
periodic images (along z-axis) are incorporated by explicitly calculating the effect of 10
images (above and below) and using a multipole expansion for the rest. Due to the
symmetry of this problem, the image forces on all nodes point to the radial direction and
have the same magnitude. An estimate of their relative error is plotted as a function of nq in
Fig. 9. Because this problem does not have an analytic solution, the reference value is
taken to be the value obtained using Method I (Bessel) with nq ¼ 181. At around nq ¼ 50,
the relative error of all methods becomes lower than 1%.

4.3. Test case 3

Test case 1 only covers plane strain applications while test case 2 approximates a
concentric circular prismatic loop that, with a infinitesimal discretization, would be
axisymmetric. Thus, for this test case we consider the more general case of the image forces
on a glide dislocation loop. The cylindrical axis is along the ½1 1 0� axis of a cubic crystal,
and the dislocation loop lies on its glide plane which is ð1 1 1Þ. The Burgers vector is along
½1̄ 1 0� (perpendicular to the cylinder axis) and has magnitude 1. The dislocation loop is
discretized by 10 equally spaced nodes connected by straight segments. The orientation
I

Fig. 10. (a) An off-center tilted glide loop in a cylinder. (b) The magnitude of the image force on each node of the

glide loop resolved on the glide plane.
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and magnitude of the image force on every node is different. Fig. 10 plots the component
of the image force in the direction away from the center of the loop for all 10 nodes with
different values of nq using Method IV (Mura).

The convergence of the image force with respect to nq is faster for nodes closer to the
center of the cylinder than that for the nodes closer to the cylinder surface. We also
computed the image elastic energy of the configuration using Eq. (37). The image forces on
the nodes can then be computed by displacing the nodal positions in small steps and
numerically differentiating the image elastic energy. The image forces computed in this
way with nq ¼ 45 are plotted as circles in Fig. 10(b), which agrees with the values obtained
by integrating the image stress field along the dislocation segment. This confirms the self-
consistent nature of our theory and the numerical algorithm.
5. Discussion

Speed and accuracy are important aspects of an image stress method when applied to
DD simulations because the stress field needs to be computed at every time step of a DD
simulation. Here we discuss the speed, accuracy and scaling behavior of the methods
developed here and compare them with the finite element method (FEM) and the
boundary element method (BEM).

There are obvious parallels between the algorithms developed here, particularly Method
III (Green), and BEM. Similar to BEM, our methods require a 2-dimensional mesh on the
cylindrical surface, on which the traction force T is sampled. In both Method III and
BEM, these surface tractions are then converted to a set of body forces in an infinite
medium, distributed over the same mesh. However, our methods perform the conversion
faster than BEM. Let N ¼ nq � nz be the total number of mesh points on the cylindrical
surface. The standard BEM requires an inversion of a dense N �N matrix, which requires
OðN2Þ operations. In Methods I–IV, we take advantage of the fact that the elasticity
equations are decoupled in Fourier space. The most time-consuming part of the conversion
is the FFT, which requires OðN lnNÞ operations. The conversion from surface traction to
body force in the Fourier space only requires the inversion of N 3� 3 matrices, which
requires OðNÞ operations.

After the distribution of body forces (or image dislocations) are obtained, the
calculation of the image stress inside the cylinder is essentially the same for BEM and
for the methods described here. Let Nd be the number of dislocation segments inside the
cylinder (on which the image stress field needs to be computed). The total number of
operations for image stress calculation can be kept at OðN þNdÞ if fast multipole method
(FMM) is used.

The methods developed here may be faster than FEM if the same level of accuracy for
the stress field is demanded for both methods. The stress field for Methods I–III converges
to analytic results exponentially, while power-law convergence is expected for FEM.
Because the FEM mesh is 3-dimensional, the total number of mesh points should be
NFEM / N3=2, assuming a uniform mesh with aspect ratio of each element close to 1.
Therefore, the computational cost for FEM should be at least OðNFEMÞ ¼ OðN3=2Þ (Cook
et al., 2001). When the cylinder contains only a few dislocation segments, i.e. in the limit of
Nd5N, our methods should be faster than FEM. In the limit of NdbN, Nd ¼ OðNFEMÞ

our methods and FEM should scale similarly.
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Another advantage of our methods (and BEM) is that, once the stress sources are
converted to a set of body forces (or image dislocations) in an infinite medium, the stress
integral over another straight segment is available analytically. The analytic expressions
for the stress integrals have been used in DD simulations in the bulk and are found to
significantly increase the computational efficiency. This should further increase the
efficiency of image force calculations in our methods.
An advantage of the standard BEM and FEM methods is that, at least in principle, the

surface can be remeshed if necessary. This allows the use of a non-uniform mesh, e.g. a
denser mesh where a dislocation intersects the surface and a coarser mesh elsewhere. This
also allows the possibility to resolve the surface step created by the dislocations that exit
the surface. In comparison, this is not possible in our methods, because they rely on the
translational and rotational symmetry of the elastic cylinder. However, the effect of the
surface step can be approximated, to the first order, by a line force on the surface. This
solution can be superimposed on the solution developed here. On the other hand,
representing small surface steps explicitly in FEM or BEM is usually not a good idea,
because it requires a very dense mesh near the surface step, which will raise the
computational cost significantly. This makes the line force approximation a more
appealing alternative when the cylinder is not excessively deformed. If the crystal becomes
highly distorted, as in the late stages of deformation, this approximation will no longer be
appropriate. When this happens, we will have to use the standard FEM or BEM method,
but the medium must be continually remeshed, which will raise the computational cost of
FEM and BEM as well.

6. Conclusions

We have developed a method to compute the stress field inside an elastic cylinder
subjected to arbitrary traction force on the surface. The resulting driving force on the
dislocations inside the cylinder can be computed efficiently by transforming the problem
into a set of image dislocations in an infinite elastic medium. The transformation can be
done efficiently by FFT and a set of analytic expressions. This allows efficient calculation
of the effect of free surface on the driving force of dislocation segments, using the
computer programs already developed for bulk DD simulations.
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Appendix A. The infinite cylinder solution

Here we give the analytic expressions for the matricesM and N introduced in Section 3.2
and discuss their special cases. The M and N matrices are a simple way to relate the
Fourier components of the tractions and displacements in cylindrical coordinates on the
surface to the unknown coefficients A, B, and C. These matrices also play an important
role in finding the equivalent problems in an infinite medium. For the Fourier mode that
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varies with z (i.e. kza0Þ, the nine components of M and N are

M11 ¼
2m

lþ 2m
fiJnþ1ðikzÞ½ðlþ 2mÞkzðnþ 1Þ þ ðlþ mÞðk3

z þ n2kzÞ�

þ JnðikzÞðlþ mÞðk2
z � k2

znþ n2 � n3Þg,

M12 ¼ 2mkz½iðnþ 1ÞJnðikzÞ þ kzJnðkzÞ�,

M13 ¼ 2mn½ikzJnðikzÞ þ JnðikzÞð1� nÞ�,

M21 ¼ �
m

lþ 2m
fJnþ1ðikzÞ½mð�4kz � 6kznÞ þ lð�2kz � 4kznÞ�

þ iJnðikzÞ½mð�2n2 þ 2k2
znþ 2k2

z þ 2n3Þ þ lð2k2
zn� 2n2 þ k2

z þ 2n3Þ�g,

M22 ¼ mkz½2Jnþ1ðikzÞðnþ 1Þ � ikzJnðikzÞ�,

M23 ¼ m½2kzJnþ1ðikzÞ þ iJnðikzÞð2n� 2n2 � k2
zÞ�,

M31 ¼ �
imkz

lþ 2m
JnðikzÞð2k2

zlþ nlþ 2mk2
z þ 2ln2 þ 2mnþ 2mn2Þ,

M32 ¼ mkz½2kzJnþ1ðikzÞ þ inJnðikzÞ�,

M33 ¼ �imnkzJnðikzÞ ðA:1Þ

and

N11 ¼ �
1

lþ 2m
½JnðikzÞðlþ mÞðk2

z þ n2Þ þ ikzJnþ1ðikzÞð2mþ lÞ�,

N12 ¼ �ikzJnþ1ðikzÞ,

N13 ¼ �nJnðikzÞ,

N21 ¼ �
1

lþ 2m
fJnþ1ðikzÞ½ðlþ mÞnkz þ ðlþ 2mÞkz� þ in2JnðikzÞðlþ mÞg,

N22 ¼ �kzJnþ1ðikzÞ,

N23 ¼ �kzJnþ1ðikzÞ � inJnðikzÞ,

N31 ¼ �
kz

lþ 2m
fkzJnþ1ðikzÞðlþ mÞ þ iJnðikzÞ½ðlþ 2mÞ þ nðlþ mÞ�g,

N32 ¼ ikzJnðikzÞ,

N33 ¼ 0. ðA:2Þ

The above expressions are only valid when kza0. When kz ¼ 0, the displacement potential
must be rewritten in terms of powers of r. For the solution to be bounded at r ¼ 0,
different displacement potentials must be used for n40, no0 and n ¼ 0. For n40 the
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displacement potential is

f ¼
m

lþ 2m
Arnþ2 einy,

cr ¼ �iBrnþ1 einy,

cy ¼ Brnþ1 einy,

cz ¼ ½Crn þ iArnþ2� einy ðA:3Þ

and the M and N matrices are

M ¼

�
2m

lþ 2m
ðmþ lÞðn2 � n� 2Þ 0 2iðn� 1Þ nm

�
2im

lþ 2m
nðnþ 1Þðmþ lÞ 0 �2ðn� 1Þ nm

0 2mn 0

2
6666664

3
7777775
, ðA:4Þ

N ¼

�
nðlþ mÞ � 2m

lþ 2m
0 in

�i
nðlþ mÞ þ 2ðlþ 2mÞ

lþ 2m
0 �n

0 2 0

2
666664

3
777775
. ðA:5Þ

For the case when no0 the displacement potential is

f ¼
m

lþ 2m
Ar�nþ2 einy,

cr ¼ iBr�nþ1 einy,

cy ¼ Br�nþ1 einy,

cz ¼ ½Cr�n � iAr�nþ2� einy ðA:6Þ

and the M and N matrices are

M ¼

�
2m

lþ 2m
ðmþ lÞðn2 þ n� 2Þ 0 �2iðnþ 1Þnm

2im
lþ 2m

nðn� 1Þðmþ lÞ 0 �2ðnþ 1Þnm

0 �2mn 0

2
6666664

3
7777775
, ðA:7Þ

N ¼

nðlþ mÞ þ 2m
lþ 2m

0 in

�i
nðlþ mÞ � 2ðlþ 2mÞ

lþ 2m
0 n

0 2 0

2
666664

3
777775
. ðA:8Þ
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Fig. 11. Modes of traction forces (with kz ¼ 0) that cannot be supported by the cylinder. (a) Net torque

associated with Ty, (b) net force in the z-direction associated with Tz, (c) and (d) net forces in the x- and

y-directions associated with both Ty and Tr.
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For n ¼ 0 and kz ¼ 0, the displacement potential is

f ¼ Ar2,

cy ¼ Br,

cz ¼ Cr2 ðA:9Þ

and the M and N matrices become

M ¼

4ðlþ mÞ 0 0

0 0 0

0 0 0

2
664

3
775, ðA:10Þ

N ¼

2 0 0

0 0 2

0 2 0

2
664

3
775. ðA:11Þ

The cases where kz ¼ 0 and n ¼ �1; 0 or 1 the M matrices are singular. This corresponds
to the inability of the cylinder to support a net force or a net torque. For example, a non-
zero T̂y for the Fourier mode kz ¼ 0 and n ¼ 0 leads to a net torque around z-axis, and
a non-zero T̂ z for the same Fourier mode leads to a net force along z-axis, as shown in
Fig. 11(a) and (b).The other two net loads correspond to forces in the x- and y-directions
when kz ¼ 0 and n ¼ 	1, as shown in Fig. 11(c) and (d). The inverse of M can be obtained
from the psuedo-inverse defined through the singular value decomposition (Strang, 2005).
Appendix B. The infinite cylindrical hole solution

The solution to the inverted cylinder problem (infinite hole) relies on the matrices M0

and N0, which are analogous to the M and N matrices for the cylinder problem. When the
solution varies with z (i.e. kza0), the M0 and N0 have the same form as M and N given in
Appendix A for the cylinder problem, except Jn is replaced by the Hankel functions of the
first or second kind, Ha

n. The choice of the Hankel function depends on the sign of kz, H1
n

for positive kz and H2
n for negative kz. Similarly, the M0 matrices become singular in some

special cases.
If the solution does not depend on z, then the solution must be in powers of r and plane

waves in y. This solution must again be divided into cases where no0 and n40 so that the
solution is bounded as r!1.
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The displacement potential for n40 is

f ¼
m

lþ 2m
Ar�nþ2 einy,

cr ¼ iBr�nþ1 einy,

cy ¼ Br�nþ1 einy,

cz ¼ ½Cr�n � iAr�nþ2� einy ðB:1Þ

and the M0 and N0 matrices are

M0 ¼

�
2m

lþ 2m
ðmþ lÞðn2 þ n� 2Þ 0 �2iðnþ 1Þ nm

2im
lþ 2m

nðn� 1Þðmþ lÞ 0 �2ðnþ 1Þ nm

0 �2mn 0

2
6666664

3
7777775
, ðB:2Þ

N0 ¼

nðlþ mÞ þ 2m
lþ 2m

0 in

�i
nðlþ mÞ � 2ðlþ 2mÞ

lþ 2m
0 n

0 2 0

2
666664

3
777775
. ðB:3Þ

The no0 potential and associated M0 and N0 matrices are

f ¼
m

lþ 2m
Arnþ2 einy,

cr ¼ �iBrnþ1 einy,

cy ¼ Brnþ1 einy,

cz ¼ ½Crn þ iArnþ2� einy ðB:4Þ

and

M0 ¼

�
2m

lþ 2m
ðmþ lÞðn2 � n� 2Þ 0 2iðn� 1Þnm

�
2im

lþ 2m
nðnþ 1Þðmþ lÞ 0 �2ðn� 1Þnm

0 2mn 0

2
6666664

3
7777775
, ðB:5Þ

N0 ¼

�
nðlþ mÞ � 2m

lþ 2m
0 in

�i
nðlþ mÞ þ 2ðlþ 2mÞ

lþ 2m
0 �n

0 2 0

2
666664

3
777775
. ðB:6Þ
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Fig. 12. Modes of traction forces (with kz ¼ 0) that cannot be supported by an infinite medium with a cylindrical

hole. (a) Net force in the z-direction associated with Tz, (b) and (c) net forces in the x- and y-directions associated

with both Ty and Tr.
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For the kz ¼ 0 and n ¼ 0 case the potential is

f ¼ A lnðrÞ,

cy ¼ Br,

cz ¼ C lnðrÞ ðB:7Þ

and the M0 and N0 matrices are

M0 ¼

�2m 0 0

0 0 2m

0 0 0

2
664

3
775, ðB:8Þ

N0 ¼

1 0 0

0 0 �1

0 2 0

2
664

3
775. ðB:9Þ

The cylindrical hole solution also has problems with net applied loads. The solution will
not support net applied forces in the x-, y- and z-directions as shown in Fig. 12.However, it
will support a net torque, which is related to the fact that the rank of the matrix M0 is 2
when n ¼ 0 and kz ¼ 0 (whereas the rank of M is 1 when n ¼ 0 and kz ¼ 0).

Appendix C. Image energy

Here we derive the expression for the image energy, Eq. (37). According to Eq. (36), Eimg

is defined as the difference between the total elastic energy of an elastic cylinder containing
a set of dislocations (system 1) and the elastic energy of an infinite medium containing the
same set of dislocations (system 2), i.e.

Eimg ¼ Etot � E1. (C.1)

Let s1ij and e1ij be the stress and elastic strain field of the dislocations in an infinite medium.
Let stotij and etotij be the stress and elastic strain field of the same dislocations in the elastic
cylinder. Then the image stress and elastic fields can be defined as

simg
ij ¼ stotij � s1ij ,

e
img
ij ¼ etotij � e1ij . ðC:2Þ
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Therefore,

E1 ¼
1

2

Z
1

s1ij e1ij dV ,

Etot ¼
1

2

Z
O
ðs1ij þ simg

ij Þðe
1
ij þ e

img
ij ÞdV . ðC:3Þ

The first integral is over the infinite medium and the second integral is over the volume of
the cylinder. The variation of Etot gives rise to two Peach Koehler forces, the self-force of a
dislocation in an infinite medium plus the image force. A good discussion of this and full
proof can be found in Gavazza and Barnett (1975). In principle, Eimg can be derived by
taking the difference between the above two equations. However, it is more convenient to
consider a reversible path that can convert system 2 ðE1Þ to system 1 ðEtotÞ. If the work
done by the external force along this path is DW , then

Eimg ¼ DW . (C.4)

Let us consider a path shown in Fig. 13.The first step is to cut a cylindrical region out of the
infinite medium, while maintaining a traction force F on the surface of the cylinder and �F
on the cylindrical hole, where Fj ¼ s1ij nout

i . nout
i is the outward normal of the cylindrical

surface. This will ensure that the stress field and the elastic energy do not change. The
second step is to reduce the traction forces on both surfaces to zero. Inside the cylinder, this
is equivalent to superimposing the image solution, corresponds to a defect-free elastic
cylinder subject to traction forces Tj ¼ �F j on its surface, as in Section 2. Let uc be the
displacement on the cylindrical surface when a defect-free cylinder is subjected to surface
traction T. Let uh be the displacement on the cylindrical surface when a defect-free infinite
medium with a cylindrical hole is subjected to traction force �T on its inner surface. Then

E img ¼ DW ¼

Z
S

1

2
ðFÞ � ðucÞ þ

1

2
ð�FÞ � ðuhÞdS

¼ �
1

2

Z
T � ðuc � uhÞdS

¼ �
1

2

Z
T � ½juj�dS. ðC:5Þ
Fig. 13. A reversible path to convert an infinite medium containing a set of dislocations (system 2) to an elastic

cylinder containing the same set of dislocations (system 1).
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Computing the image energy allows us to check the self-consistency in the image force
calculation. Consider a dislocation discretizied by straight segments connecting a set of
nodes. The total force ftoti on node i can be computed by integrating the total stress field
over its neighboring segments (with appropriate weighting functions) and using the
Peach–Koehler formula. For self-consistency, the total force and total energy must satisfy
the following relationship:

ftoti ¼ �
qEtot

qri

. (C.6)

Similarly, the image force ftoti on node i can be computed by integrating the image stress
field over its neighboring segments and using the Peach–Koehler formula. For self-
consistency, the image force and total energy must satisfy

f
img
i ¼ �

qEimg

qri

. (C.7)

This is verified numerically in Section 4.4. The total force can be expressed by a sum

ftoti ¼ f1i þ f
img
i , (C.8)

where

f1i ¼ �
qE1

qri

(C.9)

is the force on node i if the same dislocation resides in an infinite medium. The self-
consistency required by Eq. (C.9) in an infinite medium was discussed in Cai et al. (2006).
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