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FIG. 5: (Color Online) Correlation between entanglement E and negativity ¢ for 10,000 random
N x N density matrices, where N =ngq xnp. (a) N=2x2 (b) N=2x3(c) N=3x3(d)
N =3 x 5.

fraction of separable states among PPT states to be only 78.7% [7]. Our numerical results
can also be used to estimate the fraction of separable states among PPT states.

Due to limited numerical resolution, we classify all density matrices with £ < 1072 as
separable states, i.e. E = 0. Consistent with the previous report [10], all PPT states
are separable for N < 6. Strikingly, we also found that all PPT states among the 10,000
randomly generated density matrices (including N = 8) have zero entanglement regardless
of dimension. This contradicts previous report [7] and suggests that the fraction of separable
states among PPT states is close to 100% for the case of N = 2 x 4. The disagreement
is mostly due to the faster convergence of our gradient search algorithm, which allows us
to use many initial unitary matrices to obtain a better estimate of the global minimum.
Nonetheless, our results should not be over-interpreted as: all PPT states are separable

states. In fact, Horodecki [14] has provided an example of non-separable PPT states for
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TABLE III: Statistics of 1,000 random density matrices of different dimensions. FEy,. and tgpe is

the average entanglement and negativity. S(E,t) = Cov(E,t)/[Var(E)Var(t)]'/? is the correlation

between E and t.

Pppr is the fraction of PPT states among all the sampled random density

matrices.
N nA np Eave tave S(E,1) Pppr
4 2 2 0.0308 0.0568 0.9699 0.630
6 2 3 0.0423 0.0763 0.9732 0.390
8 2 4 0.0482 0.0857 0.9767 0.236
9 3 3 0.0578 0.0969 0.9765 0.165
10 2 ) 0.0499 0.0891 0.9799 0.141
12 2 6 0.0531 0.0941 0.9821 0.078
12 3 4 0.0655 0.1070 0.9787 0.071
15 3 0.0707 0.1144 0.9798 0.029
16 4 4 0.1573 0.1314 0.9685 0.002
N =2 x4,
bOOOODbDOO
0b0O0OOO0ODO
00b00OO0OO0D
pb:; 000b0000O0 (23)
+110000a008
bOOOODOO
0b0000DbLO
00b0B00a

where a = £(14b) and 8 = 3v/1 — b2. For arbitrary b € (0, 1), this state has negativity ¢ = 0,

but non-zero entanglement E and participation ratio R. Here we compute the entanglement

E as a function of b using the HM algorithm with M = 2N. Fig. 6 plots the entanglement

E and participation ratio R as functions of b. It is likely that states in this family of density

matrices occupies a negligible volume in the ensemble of random density matrices, which is

why we did not observe any non-separable PPT states in all of our 10,000 density matrices

(23.6% are PPT states).
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FIG. 6: (Color Online) (a) Entanglement E of the Horodecki state, Eq. (23), as a function of b.

(b) Participation ratio R as a function of b.

To test this hypothesis, we generate several ensembles of density matrix by randomly
perturbing the Horodecki matrix, Eq. (23), with b = 0.2 where the entanglement is close to
the local maximum. First, we found that by replacing all zero components in Eq. (23) by
a small positive number -y, the resulting density matrix is still a bound entangled state, as
long as 0 < v < 0.01b. However, the density matrix is no longer PPT if v is too large or
if the zero components in Eq. (23) are perturbed randomly (i.e. not replaced by the same
value 7).

Second, we decompose the Horodecki state into a weighted sum of 16 pure states as in
Eq. (7) by using random 16 x 16 unitary matrices. We then perturb all pure states w; by
adding a random number ¢ that is uniformly distributed in the domain [—A, A] to every
component. Each perturbed state is then normalized and the normalization constant is
multiplied to the assigned probability of this state. The total probability of all states is then
renormalized to unity. A new density matrix is obtained by summing up the contributions
from each pure state. We have studied four different cases with A = 0.01b, 0.1, b, 100,
respectively. 10,000 random matrices are generated in each case, and the number of PPT
states observed are 2, 24, 2816, 4712, respectively. For A = 0.01b and 0.1b, all the PPT
states are bound entangled states. However, for A = b and 10b, none of the PPT states
generated are entangled.

We would like to make the following conjectures based on the above results. First, a
small volume of bound entangled states exists at the vicinity of Horodecki matrix, and
they are very difficult to find. For example, in the second approach described above, we

only found 26 of such states out of 40,000 random matrices. Second, large perturbations
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to the Horodecki matrix lead to an ensemble of density matrices with similar statistical
behavior as the ensemble generated earlier in Section.III.A, i.e., all these PPT states have
zero entanglement. Given that we are able to generate a few bound entangled states by
randomly perturbing the Horodecki matrix (with A < 0.1b), the fraction of bound entangled

states among PPT states can be a finite but very small number.

IV. SUMMARY

We develop a fast gradient search algorithm for the computation of the entanglement of
formation for a mixed state, which is defined as the smallest average entanglement among
all possible ways to decompose the mixed state into a classical mixture of pure states.
This is enabled by the analytic derivatives of entanglement with respect to the unitary
decomposition matrix, which are given in Appendix A. A hybrid method, combining steepest
descent and conjugate gradient methods, is found to outperform both of them. The fast
convergence of the hybrid method allows us to compute entanglement of formation in higher
dimensions than what was possible before. Nonetheless, the hybrid method still searches for
the local minimum only. In order to estimate the global minimum, we repeat the gradient
search several times starting from different random initial conditions and select the lowest
local minimum obtained from all the searches. In principle, the gradient search algorithm
presented here can be combined with other techniques, such as the simulated annealing [16]
or genetic algorithm [8] to expedite the search for the global minimum.

Using the hybrid gradient search algorithm, we obtained entanglement statistics of 10, 000
density matrices with N ranging from 2 x 3 to 4 x 4. Anti-correlation is observed between
entanglement E and participation ratio R, whereas a strong correlation is observed between
E and negativity ¢. In particular, all the PPT states (density matrices with ¢ = 0) in our
study are found to be separable (F = 0). This suggests a much higher ratio of separable
states among PPT states than reported earlier, most likely due to the better convergence of

our numerical results.
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APPENDIX A: DERIVATIVES OF E WITH RESPECT TO U

Consider the entanglement E as a function of both the density matrix p and the decom-

position matrix U,
M

E(p,U) =Y pi E(p**?) (A1)

i=1
where pAB@ = 1i;) (14| is the density matrix of the pure state |+;). The entanglement of a

pure state is defined through the von Neuman entropy of the partial trace,

E(p"P0) = S(pAW) = —Tx [pA(i) log, pA(i)} (A2)
A(d) TIB [,OAB(Z)} (A3)

In this appendix, we derive the derivative of E with respect to every component of U. It
is important to note that the components U;; are complex numbers. We will treat U;; and
U;: (the complex conjugate) as independent variables. In other words, the change JE/ with

caused by a small change of matrix U can be written as,

OE OB e
dE = Z o, dU;; aU* U, (A4)

7]
Computing the derivative of E' with respect to U requires the derivatives of both p; and
S(pg)) with respect to U, i.e.,

OE(p) <[ 0pn o 4 S (pA™)
_ S(pAh A5
=2 S (A3)
The derivative of p; is easier to obtain,

Opn

— = \NU6 A6

a0, — U (A6)
where ); is the eigenvalue of p.

To obtain the derivative of S (px)), we need to follow the chain rule,
S(p ) — AN — pAD — pABC) i) — U (A7)

where A5 is the p-th eigenvalue of matrix pA®, based on which S (p*@) can be written as,

(pr®) = ZA ) log, (AA®) (A8)

21



Therefore,

95 () A
8Af(h) = — logz(eAp( )) (A9)
Continue with the chain rule,
" 9pp" opr "
- ) A10
3Ukl g:l tuzl A(h AB( ) Uy (A10)

Let A®™ be the matrix that diagonalize the density matrix pA®,

pAD = g pAK) AT (A11)
where Dﬁp(h) = Af(h). We can show that

= AP AD) (A12)

AN ™)
aptu( )

The middle term in the r.h.s. of Eq. (A10) is either zero or one, depending on the indices ¢,

u, r and s,
Z ) (t+nna) 6(u+n ‘n4),8) (A13)
aprs n=0

To find the last term in the r.h.s. of Eq. (A10), we first find that,

A(pnprs”™)
— L =, Wy V2 Al4d
o0 kh Win Vg (A14)

Finally,
§,AB(M) Oy p AB® b0
oy 2 (Prprs ) _ sy 9P (AL5)
oUw Uy aUkl

= 6w WiV — pPPINUR) (A16)

Combining all results together, we have

IE(p,U)
. N UL S(pA®) Zlog2 (eA™

ng—1
X Z Z Atp up 57 - PfsB(k)/\lU;l) <Z 5t+nn,4,r 5u+nnA,8>A17)

r,s=1tu=1 n=0
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APPENDIX B: STEEPEST DESCENT DIRECTION FOR HERMITIAN MA-
TRIX H

In this appendix, we show that the steepest descent direction for Hermitian matrix H
(defined by U = ) is
1 oy~ L~ A\
9=3 [(z’U@*) + (z’UTG*> } (B1)
First, recall that we treat U;; and its complex conjugate U;; as independent variables. This

means that a differential change of E can be written as

M N
=) GydU; + GdU;, (B2)
i=1 j=1
where
OE(p,U)
L B
Gl] aUl] ( 3)

is the derivative we obtained in Appendix A. It can be verified that, if matrix U were not
subject to any constraints, the steepest descent direction for U;; should be —G7;, instead of
—G; itself.

To impose the unitary constraint, we let
e =U e (B4)
where 6 H is a small Hermitian matrix. Hence the change of matrix U is,
U =U"" —U =iUdH (B5)

to the first order of §H. For convenience, we define a square matrix G whose first N columns

are identical to GG, while other columns are filled with zeros. The ensuing change of F is,

dE = Z ZzG,]Uk(SHkJ i Gy U O Hy

i=1,k=1 j=1
M
= Z Zémﬁlk5HkJ ZGZ] zk(SHk]
i=1,j=1,k=1
M M
=Y Y ((U" G dHy + (iU" G)y; 0H;,
k=1 j=1
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Since 0H is a Hermitian matrix, 6 Hy;

dE =

WE
Ms

X
Il

—
<
I

—

-
NE

e
Il
—

<
Il
—

-
M=

|

I
M= I
" 1M=L

+
N | —
l—|

1
2

ZUT

= 0H7,. Hence,
(2 UT é)k] (5ij + (l (}T é)zj (5ij
(07 G+ (U7 Gy oHy

GUTG)+ (0T G)| oHy,

kj

[(i 0" G+ (07 G| Oy

(0T G)T]* SH3,

kj

Hence the steepest descent direction for H is,
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