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a b s t r a c t

We present a new method for computing the electrical impedance of solid oxide electrolyte from kinetic
Monte Carlo simulations of oxygen vacancy diffusion. The impedance values at all frequencies are
obtained from a single equilibrium simulation based on the fluctuation–dissipation theorem, leading
to a significant gain of efficiency over existing methods.This allows us to systematically examine the
effect of dopant concentration. Increasing dopant concentration is found to decrease the infinite-fre-
quency impedance, which is attributed to the increasing density of oxygen vacancies. The difference
between the impedance values at zero- and infinite-frequency, on the other hand, shows the opposite
trend, and is linked to dopant–vacancy interactions. Hence the two competing mechanisms, previously
proposed to explain the existence of an optimal doping concentration, are separately quantified.Our
model also predicts a significant effect of the arrangement of dopant cations on the electrolyte
conductivity.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

Improving the ionic conductivity of solid electrolytes is an
important step in reducing the operating temperature of solid
oxide fuel cells (SOFCs), which is a goal that drives extensive con-
temporary research worldwide [1,2]. In order to engineer better
electrolyte materials, it is desirable to separately quantify the var-
ious mechanisms that contribute to ionic conductivity. For exam-
ple, in electrochemical impedance spectroscopy (EIS), the grain,
grain boundary and electrode contributions to total conductivity
can be separately identified from different signatures in the Ny-
quist plot of the impedance function [3].

The impedance function can also be computed from simulations
based on fundamental mechanisms of charge diffusion [4–7]. The
simulation predictions are useful in reducing the uncertainties in
the interpretations of the measured impedance spectra.The exist-
ing computational method closely mimics the experimental proce-
dure. An AC voltage is applied to the simulation cell and the
response AC current is obtained from the ensemble average of
the charge velocities.The main drawback of this approach is the
excessive computational cost; at least one independent simulation
is required to compute the impedance at each frequency of inter-
est.Furthermore, if the frequency is low, it takes a long time to sim-
ulate even one AC period, whereas averaging over many AC periods
is needed to remove statistical noise.

In this paper, we show that the impedance at all frequencies can
be computed from a single equilibrium simulation, by using the
fluctuation–dissipation theorem (FDT). This leads to a substantial
increase of computational efficiency from the existing methods.
The new method allows us to systematically examine the effect
of dopant concentration on the bulk impedance function.It pro-
vides quantitative measures to the two competing mechanisms
previously proposed to explain the existence of an maximum con-
ductivity as a function of doping concentration.Our simulations
also predicts that engineering the spatial distribution of dopant
cations has the potential to significantly improve the electrolyte
conductivity.

2. Kinetic Monte Carlo model

We focus on the kinetic Monte Carlo (kMC) model of oxygen va-
cancy diffusion in cubic yttria–stablized-zirconia (YSZ), a widely
used solid electrolyte [8]. Because the oxygen anions form a sim-
ple-cubic sub-lattice, every oxygen vacancy can move to six near-
est-neighbor positions ð�x;�y;�zÞ in each kMC step. The total
number of possible jumps in each step is 6N where N is the number

of vacancies. The rate for each vacancy jump k is jk ¼ m0 exp � DGk
kBT

h i
,

where m0 is a trial frequency1 and DGk is the activation barrier. DGk
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1 For simplicity, we choose m0 ¼ 1013 s�1 in this work, following [6] and [7].
Changing m0 will only rescale the frequency axis of the impedance function ZðxÞ and
will not change the Nyquist plot and the main conclusion of this paper.
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is assumed to depend only on the chemical species of the two cat-
ions near the diffusing vacancy, as shown in Fig. 1a, and was com-
puted by ab initio models [6]. In the conventional approach, the
impedance at frequency x is computed by applying a time-depen-
dent voltage in the x direction, VðtÞ ¼ V0 sinðxtÞ. The velocities of
N vacancies during the kMC simulation give rise to the ‘‘micro-
scopic0 0current, ImðtÞ. The ‘‘macroscopic” current, IðtÞ, is the ensemble
average of ImðtÞ, and can be computed as an average over many AC
cycles after the system has settled into a steady state. After
fitting IðtÞ ¼ I0 sinðxt þ /Þ, we obtain the impedance as ZðxÞ ¼
ðV0=I0Þ e�i/. This procedure is expensive because it needs to be re-
peated for every x of interest.

To develop a more efficient method, it is instructive to consider
the YSZ crystal as a linear system whose input is the applied volt-
age VðtÞ and output is the response current IðtÞ. The system is de-
scribed by its response function vðtÞ, where IðtÞ ¼

R t
�1 Vðt0Þvðt�

t0Þdt0. Let v̂ðxÞ be the Fourier transform of vðtÞ. The impedance
function is simply ZðxÞ ¼ 1= bvðxÞ. FDT states that the response
function vðtÞ to an external stimulus is proportional to the correla-
tion function CðtÞ of the spontaneous fluctuation in the absence of
the stimulus [9]. Applying Kubo’s formula [10], we obtain

vðtÞ ¼
CðtÞ=ðkBTÞ; t P 0
0; t < 0

�
ð1Þ

where CðtÞ is the auto-correlation function of microscopic current. It
can be computed from kMC simulation data as follows,

CðtÞ ¼ lim
s!1

q2

sL2
x

X
kPl

hkhldðt þ tk � tlÞ ð2Þ

where q is the electric charge of vacancy, Lx is the x-length of the
supercell, s is the total time of the simulation, k is summed over
all jumps during the simulation, hk ¼ ðDxÞk is the change of the x-
coordinate of the jumping vacancy at tk, and tk is the time of the
jump. By computing CðtÞ from one kMC simulation in the absence
of an applied voltage, we can obtain ZðxÞ of all frequencies by Fou-
rier transform as shown in Fig. 1b.

3. Numerical results and discussion

3.1. Verification of the method

We use this method to calculate the impedance of a 5½100� �
5½010� � 5½001� supercell of YSZ with 8% dopant concentration
at T ¼ 1800 K . Fig. 1c is the Nyquist plot of ZðxÞ ¼ 1=bvðxÞ, which
is approximately an arc. This behavior can be modelled by the
equivalent circuit shown in the inset, consisting of two resistors,
R1 and R2 and a constant phase element (CPE), i.e.,

ZðxÞ ¼ R1 þ
1

R�1
2 þ Qðjx=x0Þa

; j ¼
ffiffiffiffiffiffiffi
�1
p

ð3Þ

This equivalent circuit is called the Randles cell [11] and is often
used to describe the experimentally measured impedance data.
The parameters that best fit the impedance plot in Fig. 1c are:
R1 ¼ 3:74� 106X, R2 ¼ 1:34� 106X, a ¼ 0:85, Q ¼ 1:35X�1 and
x0 ¼ 1 Hz. To verify this result, we also computed the impedance
using the conventional method at six different frequencies, x0 ¼
0;20;40;80;100;200 GHz. The results are plotted as crosses in
Fig. 1c. The excellent agreement between the impedance predicted
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Fig. 1. (a) A vacancy migration cell in YSZ. Gray circles are cations (Zr or Y), the white circle is an oxygen anion, and the white square is the oxygen vacancy. The energy barrier
for vacancy migration is assumed to depend only on the chemical species of cations A and B [6]. DGk ¼ 0:58 eV when both cations are Zr, DGk ¼ 1:27 eV when one of them is Y,
and DGk ¼ 1:86 eV when both are Y. (b) Computational flow chart from response function vðtÞ to impedance function ZðxÞ. (c) Nyquist plot of the impedance function. The
solid line and circles are the result from FDT; crosses are results from the conventional method. The inset shows the equivalent circuit.
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by the two methods confirms the validity of applying FDT to our
kMC simulations of charge transport.

In both methods, the kMC simulations are stopped when the
statistical error of the computed impedance becomes smaller than
104 X. The computational time for the entire frequency range using
FDT is only one fifth of the total time to compute the impedance at
the six frequencies using the conventional method. Furthermore, a
significant advantage of the new method is that it predicts the
impedance as a continuous function of frequency. Hence there is
no need to decide a priori how many (usually more than 6) fre-
quencies are needed to adequately sample the impedance function.
It is interesting to compare our numerical method with the exper-
imental method of electrochemical noise analysis (ENA) [12],
which also measures the spontaneous voltage and current fluctua-
tions. But ENA does not use FDT in the form of Kubo’s formula, Eq.
(1), which is important for our method. So far ENA has only pro-
vided information on the modulus jZj, whereas both real and imag-
inary part of Z are needed to construct the Nyquist plot.

3.2. The effect of doping concentration

The high efficiency of our method allows us to systematically
study the effect of doping concentration (from 5% to 13%) on the
Nyquist plot, as shown in Fig. 2a. The result at each doping concen-

tration is the average over 40 supercells with different random yt-
trium distributions. The statistical error in the average over these
40 configurations is about 3� 104 X, which is comparable to the
statistical error in the kMC simulation of one configuration
ð1� 104 XÞ. Interestingly, from 5% to 9%, the Nyquist plot appears
to move to the left as a whole, reducing the impedance both at infi-
nite-frequency ðR1Þ and zero frequency ðR1 þ R2Þ. However, when
doping concentration is above 9%, the increase of the arc width
R2 exceeds the decrease of R1, and the impedance at zero frequency
starts to increase. This leads to maximum conductivity
ð/ ðR1 þ R2Þ�1Þ at around 9% doping concentration, which is also
observed in experiments and previous simulations.2

The existence of a maximum conductivity has been hypothe-
sized to be the result of two competing mechanisms. First, increas-
ing dopant concentration leads to more charge carriers, since every
two Y ions create one extrinsic oxygen vacancy. Second, a higher
dopant concentration increases the likelihood of having Y ions near
the saddle configuration of a diffusion oxygen ion, as shown in
Fig. 1a. This increases the energy barrier of diffusion. In the infi-
nite-frequency limit, vacancies do not need to move over long dis-
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Fig. 2. (a) Nyquist plots for impedance function at different doping concentrations at 1800 K. (b) Parameters for the equivalent circuit as functions of doping concentration.
The triangle and the star show the resistance if 50% or 100% of the Y ions form a spherical nano-cluster, respectively.

2 That the optimum doping concentration of 9% (at T ¼ 1800 K) is a higher than the
previously reported 8% based on kMC simulations at T ¼ 600 � 1500 K [7] is
consistent with the trend that the optimum doping concentration increases with
temperature.
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tances to contribute to the conductivity. Hence we expect R1 to be
insensitive to the blocking effect of the Y ions, so that the first
mechanism is captured by the decrease of R1 with doping concen-
tration, as shown in Fig. 2b. In the zero frequency limit, the vacan-
cies need to diffuse over long distances to contribute to the
conductivity. Hence we expect R2 to be sensitive to the blocking ef-
fect of Y ions, and that the second mechanism is captured by the
increase of R2 with doping concentration, also shown in Fig. 2b.
Both R1 and R2 can be measured separately by EIS, which would
provide an experimental verification of our predictions on their
opposite dependence on doping concentration.

3.3. The effect of local microstructure

We now examine the effect of the dopant microstructure on
the impedance function when the distribution of Y ions is not
completely random. For simplicity, we consider the hypothetical
scenario of having a fraction x of Y ions segregate to a spherical
cluster, with the remaining Y ions randomly distributed around
it. The Nyquist plots for a 10½100� � 10½010� � 10½001� super-
cell with 12.5% doping concentration and different cluster sizes,
are shown in Fig. 3. Due to the co-existence of two Y distributions
(clustered and random), the Nyquist plots deviate from a simple
arc and is better described by an equivalent circuit containing
an extra pair of resistor and CPE, as shown in the inset of
Fig. 3. It is interesting to observe the dramatic change of the Ny-
quist plot, especially the decrease in the width of the arc ðR2 þ R3Þ
by more than a factor of 7.3, as x increases from 0 to 1. In com-
parison, the impedance at infinite-frequency ðR1Þ exhibits a much
weaker reduction (by 23%). This confirms our earlier hypothesis
that the width of the arc in the Nyquist plot is a good measure
of the interaction between Y ions and the oxygen vacancies, i.e.
the second mechanism controlling the ionic conductivity. Specif-
ically, for larger x, there are more pathways for a diffusing va-
cancy to traverse the entire supercell without encountering any
Y ions in its path.

Fig. 3 shows that the distribution of Y ions have a dramatic ef-
fect on conductivity. The 34% reduction of impedance as x goes
from 0 to 50% is more significant than what can be produced by
changing the concentration from 12.5% to 9% while keeping the
random distribution, as shown in Fig. 2. This suggests that if we
could engineer the microstructure of dopants by promoting
nano-scale segregation, the ionic conductivity would be greatly en-
hanced. With the advent of modern fabrication techniques, such as
molecular beam epitaxy (MBE) and atomic layer deposition (ALD)
[13–15], the realization of such metastable, segregated nanostruc-
tures appears possible. The general idea of improving ionic conduc-
tivity by engineering desirable nanostructures has shown promise
in BaF2 : CaF2 multi-layers [16,17], although the effect was attrib-
uted to space charge effects instead of the blocking effect of dopant
cations proposed here.

4. Conclusion

We have shown that the fluctuation–dissipation theorem can
be used to compute electrical impedance of all frequencies from
a single equilibrium kMC simulations. Our method can be easily
generalized to model systems with surfaces and grain boundaries
[2], as well as local impedance imaging experiments using an
AFM probe [18].
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