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Abstract. The energy barrier for homogeneous cross-slip of a screw dislocation in face-

centered cubic (FCC) nickel is calculated using atomistic simulations as a function of

the Escaig stress on the glide plane, the Escaig stress on the cross-slip plane, and the

Schmid stress on the cross-slip plane. Two cross-slip mechanisms, Friedel-Escaig (FE)

and Fleischer, are examined and their energy barriers are calculated for a large number

of stress combinations. For each mechanism, the energy barrier as a function of three stress

components can be reduced into a one-dimensional function of an effective stress. The stress

domains in which FE and Fleischer mechanisms operate respectively are determined. The

FE mechanism dominates when the Escaig stress on the glide plane (in the direction that

reduces the stacking fault width) is the largest stress component. Increasing the Schmid

stress and Escaig stress (in the direction that expands the stacking fault width) on the

cross slip plane promotes the Fleischer mechanism. The cross slip energy barrier functions

obtained here can be used as input functions for computing cross slip rates in mesoscale

dislocation dynamics simulations.
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1. Introduction

Dislocation cross-slip occurs when a screw dislocation moves from its original slip plane

(called the glide plane in the following) to a different one (called the cross-slip plane). This

is usually driven by the stress acting on the dislocation and is aided by thermal fluctuations.

The ability for screw dislocations to cross-slip in face-centered cubic (FCC) metals [1] is

believed to be important for many different phenomena, including dislocation multiplication,

pattern formation, dynamic recovery, and strain hardening [2, 3]. The rate at which cross-slip

occurs, therefore, is an important input for mesoscale models, such as dislocation dynamics

(DD) simulations [4]. Because cross-slip is a thermally activated process, the cross-slip rate

is controlled by the activation (free energy) barrier, which depends on various conditions,

including the local stress state around the screw dislocation, the presence of a jog or an

intersecting dislocation, and so on. The multiplitude of factors influencing the activation

barrier makes accurate prediction of the cross-slip rate a challenging task.

Both continuum models and atomistic simulations have been applied to understand

the various factors that influence the activation barrier, including the presence of a jog [5],

intersection with forest dislocations [6, 7, 8, 9, 10, 11, 12], and intersection with a free

surface [13]. However, our understanding remains incomplete, even in the most idealized

situation: that of “homogeneous” cross-slip of a single, straight screw dislocation. The term

“homogeneous” here means the dislocation cross-slips in the bulk crystal without assistance

from any other defects, such as jogs, intersecting dislocations, or surfaces. Even in this

idealized case, the effects of stress, temperature, and material parameters on the cross-slip

rate and mechanisms are still not well understood.

Several mechanisms have been proposed about how homogeneous cross-slip may

occur. This work focuses on two mechanisms that have received most attention in the

literature: the Friedel-Escaig (FE) mechanism and the Fleischer mechanism. In the FE

mechanism [14, 15, 16], the two partial dislocations of the perfect screw dislocation first

constrict to a point on the glide plane. From this initial constriction point, the perfect

dislocation then re-dissociates into two partials on the cross-slip plane, creating two separate

constrictions along the intersection line between the glide plane and cross-slip plane, as shown

in Figure 1(a). Cross-slip then proceeds as the two constrictions move away from each other

and the section of the dislocation residing on the cross-slip plane becomes longer. In the

Fleischer mechanism [17], the leading partial dissociates into a Shockley partial dislocation

on the cross-slip plane and a stair-rod dislocation at the intersection of the glide and cross-

slip planes, as shown in Figure 1(b). In this way, the stacking fault continues on from the

glide plane to the cross-slip plane without first constricting. Thus the activated state for the

Fleischer mechanism contains a three-dimensional stacking fault structure.

Other mechanisms have been proposed for cross-slip, including the ones by Friedel [18],

Yoshinaga and Horiuchi [19], Schoeck and Seeger [20], and Wolf [21]. The mechanisms

presented by Friedel, Schoeck and Seeger, and Wolf are similar to the FE mechanism; they

differ mainly in whether the initial constriction occurs at a point (as in FE) or along a
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Figure 1. Schematics of the two cross-slip mechanisms investigated. The dislocation

line direction is in the positive x-direction, while the Burgers vector is in the negative

x-direction (resulting in a left-handed screw dislocation). The (111) plane is the glide

plane while the (111̄) plane is the cross-slip plane. Also shown are the Burgers vectors

of the partial dislocations (pointing toward each other on the glide plane and away from

each other on the cross-slip plane) and the directions of the Escaig and Schmid stresses on

the glide and cross-slip planes. (a) The FE mechanism occurs by the partial dislocations

first constricting to a point on the glide plane, then re-dissociating on the cross-slip plane,

forming two constrictions that move apart. (b) The Fleischer mechanism occurs when the

leading partial dissociates into a partial in the cross-slip plane and a stair rod dislocation at

the intersection between the glide plane and cross-slip plane, creating a three-dimensional

stacking fault structure.

line segment and whether or not the constricted section of the dislocation re-dissociates on

the cross-slip plane. In the mechanism proposed by Yoshinaga and Horiuchi [19], after the

dislocation moves onto the cross-slip plane, it then re-dissociates onto a plane parallel to the

original glide plane, i.e. the dislocation undergoes double cross-slip. These mechanisms are

not investigated in this paper. The assumption that we do not need to explicitly consider

these possibilities may be justified as follows.

We employ an atomistic model and search for the minimum energy path (MEP) for

cross-slip. The converged MEP (under a given stress state) provides a prediction of not

only the energy barrier but also the cross-slip mechanism. The initial path at the beginning

of the MEP search is constructed based on either the FE or the Fleischer mechanism. We

found that if, say, the initial path is constructed based on the Fleischer mechanism, the

converged MEP may turn out to represent the FE mechanism if the latter is the more

preferred mechanism under the given stress state. In other words, the MEP search algorithm

can, to some extent, identify the correct mechanism even if the initial guess was constructed

incorrectly. Therefore, if an alternative mechanism were indeed more preferred than the FE

and Fleischer mechanisms studied here, it should be possible (though not guaranteed), for

the MEP algorithm to converge to such a mechanism. Nonetheless, the vast majority of

the (over three hundred) simulations conducted in this work show either FE or Fleischer

mechanisms when the energy barriers have converged.

A number of the cross-slip models were originally conceived using the line tension

approximation [1]. The line tension model has the advantage that its equations can be solved

much more quickly compared with the MEP search in an atomistic model. Unfortunately,
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previous results [22] have shown that the line tension model is unable to reproduce the

stress effects on the energy barrier predicted by the atomistic model. For example, when the

line tension parameters are fitted to reproduce the effect of the Escaig stress on the glide

plane (the component with the strongest effect on the energy barrier), the line tension model

under-predicts the effects of two other stress components. Therefore, it seems necessary to

use atomistic simulations to predict the effect of multiple stress components on the cross-slip

energy barrier.

In Kang et al. [22], the effects of three stress components on the cross-slip energy barrier

have been examined. These stress components are: the Escaig stress on the glide plane (σg
e ),

the Escaig stress on the cross-slip plane (σc
e), and the Schmid stress on the cross-slip plane

(σc
s). However, for every case studied at most one of the three stress components is non-zero.

In this paper, we extend the work of Kang et al. [22] and consider the general case in which all

three stress components can be non-zero. The large number of possible stress combinations

is the main challenge that we face in this work. We also extend the range of stress to higher

magnitudes, which are found to be necessary to realize the Fleischer mechanism.

The rest of this paper is organized as follows. Section 2 discusses the simulation setup

and the range of stress configurations considered in the study. Section 3 gives the results of

the energy barrier predictions for both the FE and Fleischer mechanisms. Section 4 discusses

the results and extracts an analytic expression suitable for mesoscale (DD) simulations. The

expression for the energy barrier as a function of the stress tensor naturally leads to an

activation volume tensor, whose mathematical properties are discussed. A mechanism map

is constructed to delineate the regions in the stress space in which the FE mechanism and

the Fleischer mechanism operate, respectively. A brief summary is given in Section 5.

2. Methods

Much of the simulation setup is the same as in the previous work [22]. An embedded-atom

method (EAM) potential for Ni, named “vnih”, is adopted, which was developed using the

Voter and Chen format and used by Rao et al. [7, 8, 9, 10, 11, 12, 13]. This potential is

chosen because its stacking fault energy prediction is close to the experimental value. The

simulation cell starts as a perfect FCC crystal with 345,600 Ni atoms with a lattice constant

of a0 = 3.52 Å. The cell dimensions are 30[11̄0] × 30[111] × 20[1̄1̄2] along the x-, y-, and z-

axes, respectively. Periodic boundary conditions are applied in the x and z directions, while

the y direction has (initially) traction free boundaries (until external stresses are applied at

a later stage). A left-handed screw (LHS) dislocation with Burgers vector b = a0
2

[1̄10] and

line direction along the positive x-axis is then introduced into the crystal.

In preparation for the MEP search, we create three atomistic configurations, namely

States A, B′FE, and B′F, in which the screw dislocation assumes various core structures. In

State A, the screw dislocation is entirely dissociated on the glide plane, i.e. the (111) plane.

In State B′FE a section of the dislocation is dissociated on the cross-slip plane, i.e. the

(111̄) plane, while the rest remain dissociated on the glide plane. This is an intermediate
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configuration if the dislocation cross-slips by the FE mechanism, as shown in Figure 1(a). In

State B′F a section of the leading partial on the glide plane dissociates into a Shockley partial

on the cross-slip plane and a stair-rod dislocation. This is an intermediate configuration if the

dislocation cross-slips by the Fleischer mechanism, as shown in Figure 1(b). More details

of how to create the atomistic configurations for States A, B′FE, and B′F can be found in

Appendix A. The cross-slipped section in States B′FE and B′F are sufficiently long that if

they were allowed to relax (by energy minimization) the entire dislocation would spread on

the cross-slip plane and eventually escape the crystal from the surface. Therefore, the States

B′FE and B′F are relaxed using the conjugate gradient algorithm only for 5 to 40 steps. State

A, on the other hand, is relaxed to the local energy minimum.

A screw dislocation undergoing cross-slip is coupled with four shear stress components.

They are the Schmid (s) and Escaig (e) stresses on both the glide plane (g) and cross-slip

plane (c), as shown in Figure 1(a). On the given plane (g or c), the Schmid stress moves

both partials in the same direction and the Escaig stress moves the two partials in opposite

directions. We choose the sign convention that the Escaig stress is positive if it pulls the

two partials away from each other, i.e. increases the stacking fault width on the given plane.

Within the chosen coordinate system, these stresses can be expressed in terms of Cartesian

stress components as follows.

σg
s = σxy (1)

σg
e = σyz (2)

σc
s =

2
√

2σxz − σxy
3

(3)

σc
e =

7σyz + 2
√

2 (σzz − σyy)
9

. (4)

In the coupled set of equations, there are five Cartesian stress components on the right-hand

side, but only four stress components on the left-hand side. We enforce a supplementary

condition of σzz = −σyy to enable a one-to-one mapping between Cartesian stress components

and the Escaig/Schmid stress components on the two planes. Due to the boundary conditions

(periodic in x and z, free surface in y), the stress components σxz and σzz are imposed by

adjusting the shape of the simulation cell (i.e. applying strain), while the stress components

σxy, σyy, and σyz are imposed by applying external forces on surface atoms. To avoid surface

effects on the evaluation of stress, the stress is calculated as the sum of the Virial stress

contributions over an interior region away from the two surfaces; this region is defined as the

group of atoms whose y-coordinate is within (−36 Å, 36 Å) in the perfect crystal structure

before the dislocation is introduced.

With the external forces are applied to the surface atoms, we iteratively adjust the

simulation cell shape containing the dislocation in State A and perform energy minimization,

until the simulation cell reaches both the desired stress condition and energy minimum (stress

error below±0.05 MPa, energy difference below 10−9 eV). State B′ (B′F or B′FE) is then further

relaxed for 5 to 10 steps under the same external forces and cell shape as State A under the
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same stress condition.

3. Results

Using a modified version of the string method [22, 23, 24, 25], we obtain the MEP of cross-

slip under a large number of stress combinations using the MD++ simulation program [26]

developed by the authors. The workflow for creating the dislocation configurations and

managing the MEP relaxations under all stress conditions is available in the form of a Python

notebook as part of the MD++ installation. Because the dislocation in State A would not

be stationary unless the Schmid stress on the glide plane is zero, we require σg
s = 0 in all

the calculations. (See Section 4.4 for a discussion of the effect of σg
s within the context of

the “invisible obstacles” hypothesis.) To investigate the FE mechanism, we obtain the MEP

for cross-slip when the initial path is constructed from a linear interpolation between State

A and State B′FE. This calculation is performed for 6 × 6 × 5 = 180 stress combinations in

which each of the magnitudes of σg
e and σc

e varies among 0, 0.2, 0.4, 0.6, 0.8 and 1 GPa,

and the magnitude of σc
s varies among 0, 0.2, 0.4, 0.6 and 0.8 GPa. In these simulations,

σg
e is negative (when it is non-zero), to promote constriction of the stacking fault while σc

e

is positive (when it is non-zero) to promote expansion of the stacking fault on the cross-slip

plane. In our simulations, σc
s is negative (when it is non-zero), though both positive and

negative Schmid stresses on the cross-slip plane are expected to promote cross-slip. Each

MEP relaxation is performed for 800 steps (which takes 8 hours on 24 cores) and is considered

converged if (1) the slope of the linear fit of energy barrier over the last 400 steps is less

than 10−5 eV/step; and (2) the mean squared error of the linear fit is less than 10−3 (eV)2.

If convergence is not reached, the MEP relaxation is restarted for another 400 steps. If the

energy barrier during relaxation becomes negative, we consider the calculation has failed to

converge. All these 180 simulations (whose initial paths are constructed based on the FE

mechanism) converge to MEPs that are consistent with the FE mechanism.

To investigate the Fleischer mechanism, we obtain the MEP with initial path constructed

based on the Fleischer mechanism, for 72 stress combinations with −σg
e = 0, 0.4, 0.8, and

1.2 GPa, σc
e = 0, 0.4, 0.8, 1.2, 1.6, and 2 GPa, and −σc

s = 1.6, 1.8, and 2 GPa. However,

converged energy barrier data was obtained for only 44 of these stress conditions. For the

other 28 stress conditions, State A is not stable and spontaneously cross-slips and escapes to

the surface. These cases are considered to have zero energy barrier for cross slip, and thus

not included in the results. All the 44 simulations converge to MEPs that are consistent

with the Fleischer mechanism.

To study the competition between the Fleischer and FE mechanisms, the 224 stress

conditions (180 for FE and 44 for Fleischer) for which converged energy barriers were

obtained were simulated again with the initial path corresponding to both FE and Fleischer

mechanisms. The initial path for the FE(Fleischer) mechanism was constructed from a

linear interpolation between State A and State B′FE(B′F). In the string method employed

here, the State (B′) at the right end of the string is allowed to change during the relaxation.
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As a result, even if the initial path is set up according to one (e.g. FE) mechanism, it

is possible for the relaxed MEP to converge to a different (e.g. Fleischer) mechanism.

Among the 224 stress conditions considered here, 177 FE cases and 44 Fleischer cases

converged to their corresponding mechanism no matter which mechanism was selected

when the initial path was constructed. The other 3 FE cases, where (−σg
e , σ

c
e,−σc

s) =

(0.8, 1.0, 0.8), (1.0, 1.0, 0.8), (1.0, 0.8, 0.8) GPa, converged to different mechanisms depending

on which initial path was selected, and the converged energy barrier values are very close

between the two mechanisms. Therefore, we consider these three stress conditions to be at

the boundary between the two stress domains in which the FE and Flesicher mechanisms

dominate, respectively.

To determine the boundary between the FE and Fleischer mechanisms more accurately,

two additional sets of simulations were performed under the stress condition of: (1)

−σg
e = 0.4 GPa, σc

e = 0, 0.2, 0.4, 0.6, 0.8, 1.0 GPa, and −σc
s = 1.1, 1.2, 1.3, 1.4, 1.5 GPa;

(2) −σc
s = 1.0 GPa, σc

e and −σg
e varies in 0, 0.2, 0.4, 0.6, 0.8, 1.0 GPa; using initial paths

constructed from both mechanisms.

3.1. Energy profile and saddle configurations
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Figure 2. Energy profile along relaxed MEPs for cross-slip under several stress conditions.

The circles mark the saddle configuration with the maximum energy along the MEP and

hence the energy barrier. (a) Examples where the final MEPs are consistent with the FE

mechanism. Triangles (1): σg
e = 0, σc

s = −0.2 GPa, σc
e = 0. Crosses (2): σg

e = −0.4 GPa,

σc
s = −0.4 GPa, σc

e = 0.6 GPa. Squares (3): σg
e = −1 GPa, σc

s = −0.8 GPa, σc
e = 0.4 GPa.

(b) An example where the final MEP is consistent with the Fleischer mechanism. Diamonds

(4): σg
e = 0, σc

s = −2 GPa, σc
e = 0.4 GPa.

Figure 2(a) plots the energy profile along relaxed MEPs under several stress conditions

in which the FE mechanism operates. Figure 2(b) plots the energy profile under a stress

condition in which the Fleischer mechanism operates. The maximum energy points along
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these MEPs are marked by a circle; they correspond to energy barriers for cross-slip and the

corresponding atomistic configurations are shown in Figure 3.

Figure 3(a) shows the saddle configuration for cross-slip under stress condition (1):

σg
e = 0, σc

s = −0.2 GPa, σc
e = 0. Even though Schmid stress on the cross slip plane is the

only non-zero stress component, the saddle configuration clearly shows the FE mechanism,

in which two constriction points are formed on the glide plane with a cross-slipped segment

in between. This behavior is observed typically under low stress conditions.

(a) Saddle state for condition (1) (b) Saddle state for condition (2)

(c) Saddle state for condition (3) (d) Saddle state for condition (4)

Figure 3. Atomistic structures of the dislocation core during cross-slip under the stress

conditions defined in Figure 2. Images created using AtomEye [28]. Atoms are colored

according to their central symmetry deviation (CSD) [27] parameter.

Under higher stresses, the length of the cross-slipped segment becomes shorter in the

saddle configuration, even when the cross-slip mechanism is still largely consistent with

the FE mechanism. For example, Figure 3(b) shows the saddle configuration under stress

condition (2): σg
e = −0.4 GPa, σc

s = −0.6 GPa, σc
e = 0.6 GPa. Here the re-dissociation of

the screw dislocation on the cross-slip plane is not clearly visible in this saddle configuration.

Figure 3(c) shows the saddle configuration under stress condition (3): σg
e = −1 GPa,

σc
s = −1 GPa, σc

e = 0.4 GPa. Here the dislocation appears to be constricted along a
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finite-length segment on the glide plane, similar to the mechanisms proposed by Friedel [18],

Schoeck and Seeger [20], and Wolf [21]. The atomistic snapshots suggest that, under such

high stress conditions, the energy barrier for cross-slip corresponds to the formation of

constrictions on the glide plane, and subsequent dissociation on the cross-slip plane only

causes reduction in energy. However, the atomistic snapshots need to be interpreted with

care, because the image depends on the visualization algorithm that determines which atoms

to plot as dislocation core atoms. Here the snapshots are created by plotting only the atoms

whose central symmetry deviation (CSD) [27] parameter exceeds 1 Å2 and excluding atoms

on the top and bottom (free) surfaces.

Figure 3(d) shows the saddle configuration under stress condition (4): σg
e = 0,

σc
s = −2 GPa, σc

e = 0.4 GPa. Here the magnitude of the Schmid stress on the cross

slip plane is very large (2 GPa), to promote the Fleischer mechanism. Indeed, the saddle

configurations shows that the leading partial on the cross-slip plane already forms, before the

trailing partial on the glide-plane disappears, consistent with the Fleischer mechanism (see

Fig. 1(b)). However, in some of the stress conditions where −σc
s exceeds 1 GPa to promote

the Fleischer mechanism, the saddle state seems to correspond to a FE-Fleischer hybrid

mechanism [29]. Under such stress conditions it is not possible to tell, from the atomistic

snapshots, whether the constriction on the glide plane occurs first or the dissociation on the

cross-slip plane occurs first. We consider such stress conditions to be near the boundary

between the stress domain in which the FE mechanism dominates and that in which the

Fleischer mechanism dominates.

3.2. Energy barrier as a function of multiple stress components

We first examine the cross-slip energy barrier Eb as a function of three stress components,

σg
e , σc

s , and σc
e, when their magnitudes vary among 6 possible values from 0 to 1 GPa. For

these 216 stress conditions, the initial paths were created according to the FE mechanism,

and the converged MEPs are also consistent with the FE mechanism. It is difficult to show

all 216 data points on the same graph. Instead, Figure 4 plots different “slices” of the data

in the stress space. In each subfigure, Eb is plotted as a function of one stress component

(the horizontal axis), while another stress component is allowed to take 6 possible values

(different symbols/curves), and the third stress component is fixed at a constant value.

Within the range of stress considered here, the energy barrier is highest when all stress

components are zero, and decreases with increasing stress magnitude. Consistent with the

findings in the previous work [22], the energy barrier decreases most rapidly with increasing

the magnitude of the Escaig stress on the glide plane σg
e . The Schmid stress on the cross-slip

plane σc
s has the smallest (but non-negligible) effect on the energy barrier, while the Escaig

stress on the cross-slip plane σc
e has an effect somewhere between that of σg

e and σc
s .

Figure 4 allows us to make a number of general observations on how the cross-slip energy

barrier Eb depends on the three stress components: σg
e , σc

e, and σc
s for the FE mechanism.

We first discuss how Eb depends on the sign of the stress components. Recall that we have
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Figure 4. Energy barrier Eb for cross-slip plotted as a function of one of the three stress

components. Symbols represent data from atomistic simulations and lines represent curve

fits based on Eqs. (5) and (6). In each plot, one of the stress components is fixed, another

component is along the x-axis, and the magnitude of the third component is varied according

to the following convention; circles: 0, crosses: 0.2 GPa, pluses: 0.4 GPa, stars: 0.6 GPa,

squares: 0.8 GPa, triangles: 1 GPa.

defined the Escaig stress to be positive if it expands the separation between the two partials.

Figure 4(a) shows that Eb is reduced if σg
e becomes more negative. This is expected because

a negative σg
e compresses the two partials toward each other on the glide plane, making it

easier to form a constriction. Figure 4(b) shows that Eb is reduced if σc
e becomes more

positive. This is expected because a positive σc
e expands the stacking fault on the cross-slip

plane, thus lowering the dislocation core energy on the cross-slip plane. Because Eb depends

on the sign of σg
e and σc

e, the derivatives of Eb with respect to these two stress components

are non-zero at the zero-stress condition. The data shown in Figure 4(a) and Figure 4(b)

also appear to be a convex function, i.e. the second derivatives of Eb with respect to σg
e and

σc
e seems to be positive in the range of stress considered.

On the other hand, from Figure 4(c) Eb appears to be a concave function of σc
s and

has a zero-slope when σc
s = 0. This is consistent with the behavior expected from the line-

tension model, in which Eb is independent of the sign of σc
s . Because a large Schmid stress
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magnitude on the cross-slip plane, regardless of sign, would induce the dislocation to bow

out on the cross-slip plane, it is reasonable to assume that Eb is an even function of σc
s .

4. Discussion

4.1. Analytic approximation of Eb(σg
e , σ

c
e, σ

c
s)

In order to use the cross-slip energy barrier data obtained from the atomistic model as

input to mesoscale DD models, it would be more convenient if the energy barrier can be

expressed as an analytic function of the local stress. Ideally the chosen function would have

a simple form and, at the same time, accurately represent the atomistic data. A simple

functional form would not only lead to convenience in numerical implementation and higher

computational efficiency, but would also make it possible to assign physical interpretations

to its parameters.

We found that the following functional form results in a reasonable compromise between

simplicity and accuracy. The energy barrier is written as a one-dimensional function of an

effective stress, τ ∗, which is a combination of the three relevant stress components, i.e.

Eb(τ ∗) = A

[
1−

(
τ ∗

τ0

)p]q
(5)

τ ∗ = Cg
e σ

g
e + Cc

e σ
c
e + (Dc

s σ
c
s)

2 (6)

where A, τ0, p, q, C
g
e , Cc

e , and Dc
s are fitting parameters. This functional form was motivated

by the observation that the isosurfaces of Eb in the three-dimensional stress space appear

to be nearly planar and almost parallel to each other. Because of this, a linear combination

of the stresses was initially attempted to construct τ ∗. However, Figure 4(c) suggests that

Eb(τ ∗) is an even function of σc
s . This motivates the use of a quadratic form, (Dc

s σ
c
s)

2, in

Eq. (6). The resulting analytic expression indeed captures the behavior of the atomistic data

more accurately than a linear combination of stresses for τ ∗.

The fitting parameters are determined separately for the cross-slip energy barrier data

corresponding to the FE and Fleischer mechanisms. Their numerical values are given in

Table 1. The suitability of this functional form in describing the atomistic energy barrier

data can be assessed from Figure 5, in which the atomistic data are plotted together with the

fitted analytic function Eb(τ ∗). It is worth noting that all 177 atomistic data points discussed

in Section 3 (plus 29 additional data points to be introduced in Section 4.3) corresponding to

the FE mechanism collapse to a one-dimensional line (when appropriate constants Cg
e , Cc

e ,

and Dc
s are used), as shown in Figure 5(a). This gives strong support for the concept of the

effective stress τ ∗ (a linear combination of the Escaig stress components and the square of

the Schmid stress component) as the major controlling factor of the cross-slip energy barrier.

The fitted function is also plotted on top of the atomistic data in Figure 4; good agreement

is observed between the two. The small spread of the atomistic data around the fitted curve
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FE Fleischer

A 2.1455 2.2352

τ0 5.5949 5.5949

p 0.7288 0.7288

q 1.4428 1.4428

Cg
e -2.1077 -2.1197

Cc
e 1.1150 1.1454

Dc
s 0.7218 0.7494

Table 1. Fitting parameters for the cross-slip energy barrier for FCC Ni corresponding to

the Friedel-Escaig (FE) and Fleischer mechanisms. A is in units of eV and τ0 is in units

of GPa. The parameters Cg
e and Cc

e are unitless, but Dc
s has the unit of (GPa)−1/2. The

parameters are p and q unitless.

in Figure 5 indicates the existence of other, less important factors influencing the cross-slip

energy barrier. Given the unavoidable error in the atomistic data themselves, the quality

of the fit is considered satisfactory, especially considering the simplicity of the functional

form given in Eqs. (5) and (6). Generalizing the effective stress to a complete second-order

polynomial of the three stress components only leads to marginal improvement in the quality

of the fit at the expense of more fitting parameters and with the danger of overfitting; hence

that possibility is not discussed any further.

From a practical point of view, when used as an input function to mesoscale DD models,

it is often not necessary for the energy barrier function to be uniformly accurate under all

stress conditions. The principle region of interest, in which the energy barrier function needs

to be most accurate, is indicated by the region between the dashed lines in Figure 5, where

the energy barrier lies roughly between 0.25 eV and 1 eV. When the stress is so small that

the energy barrier is above this region, the cross-slip rate is so low that cross-slip is very

unlikely to occur over the time-scale of interest. When the stress is so large that the energy

barrier is below this region, cross-slip must have already occurred earlier when the stress was

lower.

From Figure 5 it appears that the energy barrier for the homogeneous cross slip

considered here can only occur at high stresses, e.g. above 2 GPa. This may give the

impression that homogeneous cross slip would not occur under most deformation conditions,

where the flow stress is usually lower that 1 GPa. However, the local stress experienced by the

dislocations can be significantly higher than the externally applied stress. For example, the

shear stress within 30 b of another dislocation can exceed 2 GPa, where b is the magnitude

of the Burgers vector. In addition, the entropy effects, which is not accounted for here,

can increase the rate of cross slip beyond the estimates based on harmonic transition state

theory, as has been demonstrated in the case of dislocation nucleation [23, 24]. Nonetheless,

heterogeneous cross slip, facilitated by the pre-existing constrictions, e.g. jogs, on the screw
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Figure 5. The fitting curves relating the effective stress τ∗ to the energy barrier Eb for the

(a) FE and (b) Fleischer mechanisms.

dislocation [5] and “invisible” obstacles hypothesized by Escaig [35] (see Section 4.4) can

have higher rate than homogeneous cross slip.

Given that the cross slip energy barrier is a smooth function of the stress components

(see Fig. 4), it seems that future work aimed at developing cross slip energy barrier functions

in the form of Eqs.(5)-(6) may use a coarser grid of stress components. For example,

3 × 3 × 3 = 27 atomistic calculations may be sufficient in providing data for fitting the

energy barrier function, which are much fewer than the 200+ calculations performed in this

work.

Based on Eqs.(6) and (2)-(4), the effective stress can be rewritten in a more compact

form. Define tensorial constants Cij and Dij such that

1

2
Cijσij = Cg

eσ
g
e + Cc

eσ
c
e

1

2
Dijσij = Dc

sσ
c
s

τ ∗ =
1

2
Cijσij +

(
1

2
Dijσij

)2

(7)

where the Einstein convention is assumed where the repeated indices (i and j) are summed

over from 1 to 3. In our atomistic model, we have considered a left-handed screw dislocation

with a0
2

[1̄10] Burgers vector cross-slipping from the (111) plane to the (111̄) plane. Using the

crystal coordinate system, in which the x-, y-, z-axes correspond to the [1 0 0], [0 1 0], [0 0 1]

directions, respectively, the tensorial constants for the FE mechanism can be expressed as

C =


0.4680 0.4680 −0.7596

0.4680 0.4680 −0.7596

−0.7596 −0.7596 −0.9360

 (8)
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and

D =


−0.5893 0 0.2947

0 0.5893 −0.2947

0.2947 −0.2947 0

 (9)

It is important at this point to note that the C and D tensors given above correspond

to a left-handed screw dislocation along the [11̄0] direction. Since there are 12 slip systems

in an FCC crystal and we can have either left-handed screw (LHS) or right-handed screw

(RHS) for each slip system, there are 24 C tensors and 24 D tensors for the FE mechanism.

There are also 24 cases for the Fleischer mechanism. Using the results from this paper to

calculate the appropriate energy barrier for cross-slip in a DD simulation requires identifying

the correct slip system and dislocation type (LHS or RHS) and using the appropriate C and

D tensors. For comparing FE and Fleischer mechanisms, one would have to calculate the

energy barriers separately and choose the mechanism with the lower energy barrier.

4.2. Activation volume tensor

The negative slope of the energy barrier-stress curve, e.g. Figure 5, is usually called the

activation volume. The activation volume is of significant interest because it can be measured

experimentally [14, 15, 16] and thus provides a valuable benchmark for the theory of stress-

driven thermally activated processes. Because the cross-slip energy barrier is influenced by

multiple stress components, there is ambiguity in which stress component should be used

when taking the derivative. If we write the energy barrier Eb as a function of the local stress

tensor σij, then it is natural to define a symmetric activation volume tensor,

Ωij ≡ −
∂Eb

∂σij
. (10)

When Eb can be expressed in terms of the effective stress τ ∗, as in Eq.(5), we have

Ωij = −∂Eb

∂τ ∗
∂τ ∗

∂σij
, (11)

where

∂Eb

∂τ ∗
= −Ap q

τ0

[
1−

(
τ ∗

τ0

)p]q−1(
τ ∗

τ0

)p−1

and (12)

∂τ ∗

∂σij
=

1

2
Cij +

1

2
(Dklσkl)Dij. (13)

It is worth pointing out some of the mathematical properties of the activation volume

tensor. First, it is traceless, i.e. Ω11 + Ω22 + Ω33 = 0. This is because the C and D tensors

are traceless, and is due to the fact that the cross-slip energy barrier only depends on the

deviatoric part of the stress tensor. This is fully consistent with the fact that plasticity is
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independent of the hydrostatic pressure. Another property is that bi Ωij bj = 0, because a

normal stress acting along the Burgers vector direction does not couple to any partials of

the screw dislocation, so it cannot influence cross-slip. In the present case of b = a0
2

[1 1̄ 0],

this leads to the condition that Ω11 + Ω22 = 2 Ω12.

To facilitate comparison with experiments, it seems natural to define a scalar activation

volume in terms of the norm of the activation volume tensor,

Ω ≡
√

2 ΩijΩij (14)

Physically, Ω corresponds to the rate of decrease of Eb with the stress magnitude when the

stress tensor σij is parallel to Ωij. From Eqs.(11) and (14), we have

Ω = −∂Eb

∂τ ∗

√
2
∂τ ∗

∂σij

∂τ ∗

∂σij
(15)

which is consistent with the expectation that the activation volume is proportional to the

negative slope of the energy barrier Eb with respect to the effective stress τ ∗.

As an example, let us consider the special case in which σc
s = 0, so that Dklσkl = 0, and

∂τ ∗/∂σij = Cij/2. In this case,

Ω = −∂Eb

∂τ ∗

√
1

2
Cij Cij (16)

Given Eq.(8), we have

Ω = −1.40
∂Eb

∂τ ∗
(17)

Figure 6 plots the magnitude of activation volume Ω as a function of the effective

stress τ ∗ (for the case of σc
s = 0). The activation volume decreases with the magnitude of

the effective stress. If we require the effective stress τ ∗ to be above 1.7 GPa, so that the

energy barrier is below 1 eV (see Figure 5), then Ω is below 7 b3. This is much lower than

previous estimates from experimental results, and somewhat lower compared with previous

simulation results, as shown in Table 2. If we ignore the constraint on the effective stress,

then the activation volume in the low stress limit exceeds 30 b3, and falls within the range

of previously reported values of Ω from simulations. The discrepancy between experimental

and computational estimates of the activation volume suggests that processes other than

homogeneous cross-slip are controlling the experiments which are designed to probe cross-

slip behaviors.

4.3. Competition between Friedel-Escaig and Fleischer mechanisms

In order to delineate the stress domains in which the FE and Fleischer mechanisms operate,

respectively, we performed additional MEP calculations under stress conditions expected to

be near the boundary between the two domains. Because we have found that the Fleischer
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Figure 6. Activation volume for cross-slip by the FE mechanism in nickel as a function

of the “effective stress” τ∗ in the case of σc
s = 0 (solid line), based on the energy barrier

expression in Eqs.(5) and (6). Dashed line corresponds to the case where the effect of Schmid

stress on the glide plane is accounted for with the introduction of “invisible” obstacles (see

Section 4.4).

Table 2. Activation volume estimates for cross slip in copper, all in units of b3.

Experiments Simulations

Bonneville [16] Duesberry [30] Saada [31] Rao [7] Rao [32] Rasmussen [33]

Ω 280 300 42 10-20 60 15

mechanism does not operate unless |σc
s | exceeds 0.8 GPa, we performed two sets of simulations

under the following conditions: (1) −σc
s = 1.1, 1.2, 1.3, 1.4, 1.5 GPa; σc

e = 0, 0.2, 0.4, 0.6,

0.8, 1.0 GPa; and −σg
e = 0.4 GPa; (2) let both −σg

e and σc
e span the range of 0, 0.2,

0.4, 0.6, 0.8, 1.0 GPa; and −σg
e = 1.0 GPa. Figure 7(a) displays the outcomes from these

simulations. Stars indicate the stress conditions where the FE mechanism operate, and

squares indicate the stress conditions where the Fleischer mechanism operate, regardless

of whether the initial path is constructed based on the FE or the Fleischer mechanism.

The symbols (stars or squares) are not shown for conditions in which the mechanism of

the converged MEP depends on the mechanism of the initial path, i.e. initial path of FE

converges to FE mechanism, and initial path of Fleischer converges to Fleischer mechanism.

The hatched region in Figure 7(a) shows the stress region in which the fitted energy

barrier function for the Fleischer mechanism is lower than that for the FE mechanism. Recall

that the coefficients for the energy barrier function for the FE mechanism were fitted to the

177 data points for which all stress components are no larger than 1 GPa. The coefficients

for the energy barrier function for the Fleischer mechanism are fitted to the (much fewer)

atomistic data that show the Fleischer mechanism, as well as to satisfy the constraint that
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the resulting domain boundary with the FE mechanism is consistent with the atomistic data.

The latter constraint includes the 2D domain map shown in Figure 7(a), as well as the 177

cases that are converged to FE mechanism.

1.0 1.1 1.2 1.3 1.4 1.5
c
s (GPa)

0.0

0.2

0.4

0.6

0.8

1.0

c e
(G

Pa
)

FE

Fleischer

g
e = 0.4 GPa

0.0 0.2 0.4 0.6 0.8 1.0
g
e (GPa)

0.0

0.2

0.4

0.6

0.8

1.0

c e
(G

Pa
)

FE

Fleischer

0.000

0.006

c
s = 1.0 GPa

(a) 2D map

c
s (GPa)

0.0 0.5 1.0 1.5 g
e
(GPa)

0.0
0.4

0.8
1.2

c e
(G

Pa
)

0.5

1.0FE

Fleischer

g
e=0.4

c
s=1.0

(b) 3D map

Figure 7. Maps in stress domain delineating regions in which the FE mechanism and the

Fleischer mechanism operate, respectively. (a) Two-dimensional map in the space of σc
e and

σc
s , with −σg

e = 0.4 GPa, and the map in the space of σc
e and σg

e , with −σc
s = 1.0 GPa. The

hashed region is where the Fleischer mechanism operate, and the empty region is where the

FE mechanism operate. Squares indicate stress conditions in which the Fleischer mechanism

is observed in atomistic simulations; crosses indicate conditions in which the FE mechanism

is observed. (b) Three-dimensional map based on the energy barrier functions given in

Eqs.(5) and (6), and coefficients given in Table 1. The curved boundary is the isosurface on

which the two energy barriers are equal. The lines on the isosurface are intersections with

planes corresponding to the two-dimensional maps shown in (a).

Figure 7(b) shows the stress domain boundary between the FE and the Fleischer
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mechanisms in 3D. The slighted curved surface is the isosurface on which the magnitude of

the fitted energy function for the FE mechanism equals to that for the Fleischer mechanism.

It can be seen that the FE mechanism dominates if the Escaig stress on the glide plane,

σg
e , is the dominant stress component. In fact, the Fleischer mechanism operates only if

the magnitude of the Schmid stress on the cross slip plane, σc
s , exceeds 1 GPa. Given a

sufficiently large |σc
s |, the competition between the two mechanisms can be influenced (to

a smaller extent) by the other two stress components. Increasing −σc
e can help induce the

transition to the Fleischer mechanism at a smaller |σc
s |.

4.4. Effect of Schmid stress on original glide plane

We have omitted the effect of the Schmid stress on the glide plane, σs
g in our calculations

and analyses so far. Given that Kubin, et al. [34] have proposed that σs
g is actually the most

important stress component for cross slip, a discussion of the effect of this stress component

is warranted here. Intuitively, if σs
g is non-zero, the screw dislocation would simply move on

the original glide plane without the need to cross slip. However, Escaig [35] proposed that

there may be obstacles that may prevent the motion of the screw dislocation on the glide

plane. These obstacles are “invisible” in the sense that their stress fields are not accounted

for in the calculation of σs
g. Nonetheless, the application of σs

g, in the presence of an obstacle

to block glide, would result in a shrinking of the stacking fault region. The effect is the

same as when a negative σe
g is applied. Therefore, we propose that, if one adopts the line

of reasoning of Escaig and Kubin, the effect of Schmid stress on the glide plane can be

accounted for modifying the effective stress expression, Eq. (6), to

τ ∗ = Cg
e σ

g
e + |Cg

s σ
g
s |+ Cc

e σ
c
e + (Dc

s σ
c
s)

2 (18)

where

Cg
s =
√

3Cg
e . (19)

because the magnitude of the screw component of the partial Burgers vector is a factor of√
3 of that of the edge component. The absolute value is used for the σg

s term because in

the presence of the obstacle the stacking fault will be compressed regardless of the sign of

the Schmid stress on the glide plane. With this modification of the effective stress τ ∗, the C

tensor defined in Eq. (7) will be modified, while the D tensor remain unchanged. This will

lead to an increase of the activation volume, as shown in Figure 6 (dashed line).

5. Conclusion

We have calculated the energy barrier for cross-slip in FCC nickel by searching for minimum

energy paths in an atomistic model under a large number of σg
e , σc

s , and σc
e stress conditions.

We considered two cross-slip mechanisms: the Friedel-Escaig mechanism and the Fleischer

mechanism. For both mechanisms, the Escaig stress on the glide plane, σg
e , has the dominant



Stress Effects on Energy Barrier of Cross-Slip 19

effect on the energy barrier, while the Schmid stress on the cross slip plane, σc
s , has the

smallest effect. This finding is consistent with the previous report on the FE mechanism [22].

For each mechanism, the energy barrier as a function of the three stress components can be

well described by a one-dimensional function of an effective stress, τ ∗. The domain boundary

in the stress space separating the FE-dominated regime and the Fleischer-dominated regime

is determined from atomistic data. Increasing the magnitude of the Schmid stress on the

cross slip plane, σc
s , has the dominant effect in inducing the transition from the FE mechanism

to the Fleischer mechanism.
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Appendix A. Procedures for Creating Atomistic Configurations

In this appendix, we describe the procedure to create the atomistic configurations containing

the screw dislocation in different states needed to perform the energy barrier calculations.

The script files for creating the dislocation configurations in this paper are available in

MD++. [26] We first create a configuration containing a non-dissociated left-handed screw

(LHS) dislocation, called State 0, using the following procedure. Starting from a perfect

crystal, a dislocation dipole is inserted where the LHS dislocation is located at the center of

the simulation cell (along the x-axis), and the opposite dislocation, i.e. a right-handed screw

(RHS), is offset by −Ly/2 relative to the LHS along the y-axis, where Ly is the simulation cell

size in the y direction. Note that the RHS dislocation is outside the free surface of the crystal,

so that it will vanish after the atomistic configuration is relaxed (but the atomic positions

are unrelaxed in State 0). To create State 0, the atoms are displaced from the perfect

lattice position according to the displacement field of a Volterra dislocation dipole subjected

to periodic boundary conditions in y and z directions (with cut plane being the x-y plane

connecting the two dislocations). Care must be taken to avoid the conditional convergence

problem in summing the displacement field from the image dislocation dipoles [36].

To create State A, in which the LHS dislocation is dissociated on the (111), i.e. x-

z, plane, we further displace the atoms in State 0 according to the displacement of a

Shockley partial dislocation dipole on the (111) plane. The positive partial dislocation in

this dipole will become the leading partial of the dissociated dislocation, and the negative

partial dislocation will react with the perfect LHS dislocation to become the trailing partial

of the dissociated dislocation. Note that the perfect lattice positions X are always used as

the input argument to evaluate the displacement field u(X) of the dislocations.

To create State B′FE, in which the middle section of the LHS dislocation dissociates

onto the (111̄), i.e. cross-slip plane, while the remaining part of the dislocation dissociates

onto the (111) plane, we further displace the atoms in State 0 according to the displacement

field of three partial dislocation loops. The dislocation loop near the center of the LHS

dislocation is on the (111̄) plane. The superposition of this partial dislocation loop with the

original LHS dislocation causes the middle section of the LHS dislocation to dissociate on

the (111̄) plane. The two remaining dislocation loops on the two sides of the first loop is on

the (111) plane. The superposition of these two partial dislocation loops with the original

LHS dislocation causes the remaining sections of the LHS dislocation to dissociate on the

(111) plane. The displacement field of an arbitrary dislocation loop can be constructed from

superpositions of the displacement fields of triangular loops [37, 38, 39]. After relaxing the

atomistic configuration for a given number of steps, the result is a dislocation structure

shown in Figure 1(a).

To create State B′F, in which the middle section of the LHS dislocation dissociates onto

both the (111) and the (111̄) planes, forming a 3-dimensional structure, we further displace

the atoms in State A according to the displacement field of a partial dislocation loop. This

dislocation loop is located near the center of the LHS dislocation and is on the (111̄) plane.
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The superposition of this partial dislocation loop with the dissociated LHS dislocation causes

the middle section of the LHS dislocation to dissociate on both planes. After relaxing the

atomistic configuration for a given number of steps, the result is a dislocation structure

shown in Figure 1(b).

The configuration shown in Figure 1(b) corresponds to the “acute” variant of the

Fleischer mechanism, meaning that the two stacking fault areas in the saddle configuration

form an acute angle with each other. We also investigated the “obtuse” variant of the

Fleischer mechanism, in which the two stacking fault areas form an obtuse angle with each

other (e.g. when cross slip is initiated from the trailing partial on the original glide plane).

We found that the “obtuse” variant always has either the same or higher energy barrier than

the “acute” variant under the same stress. Therefore, here we only focus on the “acute”

variant of the Fleischer mechanism, assuming that the dislocation prefers the mechanism

with lower energy barrier during cross slip.


