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Abstract

The existence of Eshelby’s equivalent inclusion solution is proved for a
degenerate “transformed” ellipsoidal inhomogeneity in an infinite anisotropic
linear elastic matrix. We prove the invertibility of the fourth rank tensor
expression, C

′SE + C(I − SE), where C is the stiffness tensor of the matrix,
C

′
is the stiffness tensor of the inhomogeneity, SE is the Eshelby tensor, and I

is the symmetric identity tensor. Taking advantage of the positive definiteness
of certain tensor expressions, a proof-by-contradiction using energy arguments
is posited that eliminates the possibility that the above expression is singular.
Because the tensor expression is nonsingular, it can always be inverted and
Eshelby’s equivalent ellipsoidal inclusion method can be used to find the stress
and strain fields in both the matrix and inhomogeneity.

1 Introduction

The problem of finding the stress fields resulting from an inhomogeneity has been
investigated over the decades[1][2][3][4]. More than 50 years ago, Eshelby formulated
a strategy for finding the stress field of a “transformed” ellipsoidal inhomogeneity in
an infinite matrix[5]. He used the concept of an “equivalent inclusion,” a method for
replacing an inhomogeneity with elastic constants (C

′

ijkl) different from those of the
matrix with an inclusion. This inclusion has the same elastic constants (Cijkl) as the
matrix (Figure 1), but with an eigenstrain (denoted with e∗ij), which is unknown and

different from the actual transformation strain (e∗
′
ij) prescribed for the transformed
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inhomogeneity. For Eshelby’s equivalent inclusion method to work, the fictitious
eigenstrain e∗ij must be determined from

[(C
′

ijkl − Cijkl)SEklmn + Cijmn]e∗mn = C
′

ijkle
∗′
kl, (1)

where e∗
′

is the transformation strain actually prescribed for the inhomogeneity and
SE is the Eshelby tensor. SE relates the eigenstrain e∗ to the constrained strain ec

(i.e. the actual strain of the inclusion when embedded in the matrix), associated
with the equivalent transformed inclusion, through the following equation:

ecij = SEijkle∗kl. (2)

If one uses a similar scheme employed in the “reduced” Voigt notation for linear
elastic stiffnesses, Eq. (1) may be written as

[(C
′

IK − CIK)SEKM + CIM ]e∗M = C
′

IMe
∗
M , (3)

where all upper case indices range from 1 to 6. For more information on the Voigt
notation, please refer to Appendix A. Solutions of Eq. (3) require that the 6 × 6
matrix [(C

′ − C)SE + C] be non-singular. Eshelby did not discuss whether this
matrix would always be nonsingular (and the problem would thus be solvable), or
whether there exists some set of conditions that preclude obtaining such a solution.
On physical grounds, one would expect Eshelby’s equivalent transformed inclusion
method to always work, but for completeness a proof is desirable. Here we show
that [(C

′
IK −CIK)SEKM +CIM ] is always invertible so that the equivalent eigenstrain

e∗ij can always be found. The proof takes advantage of the positive definiteness of
certain tensors appearing in energy arguments.

C ′

C
∞

Figure 1: Inclusion inside an infinite matrix with different elastic constants.
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To simplify the notation, we shall define a 6× 6 matrix

AIM ≡ (C
′

IK − CIK)SEKM + CIM . (4)

We can also write this equation in matrix form

A = C
′SE + C(I− SE), (5)

where I is the symmetric identity matrix and SE is not symmetric. Note that all
matrices here are real valued.

A real symmetric matrix B is positive definite (P.D.) if[6]

xTBx ≥ 0 ∀x real (6)

xTBx = 0 iff x = 0. (7)

A nonsymmetric matrix A is also P.D. if its symmetric portion (B = A+AT

2
) is

P.D[7] (see Appendix B). A P.D. matrix has all positive eigenvalues (i.e. no zero or
negative eigenvalues)[8]. Because the matrix does not have a zero eigenvalue, it is
invertible and its determinant is nonzero. We will show that A is always invertible
by utilizing the properties of P.D. matrices and the fact that the energy of an infi-
nite elastic medium containing a finite-sized inclusion is inherently non-negative and
bounded.

The paper is organized as follows. First, we will briefly review Eshelby’s method
in Section 2. Section 3 presents our proof that A is always invertible. This is ac-
complished by first proving that both C(I− SE) and CSE are P.D. and then using
energy arguments to show that A is nonsingular.

2 Eshelby’s Method

2.1 Eshelby’s Inclusion Problem

Eshelby showed[9] that the strain energy associated with a transformed ellipsoidal
inclusion with a uniform eigenstrain e∗I in an infinite matrix is

E = −1

2
σIe
∗
IV0, (8)

where σI is the stress in the transformed inclusion and V0 is the volume of the
inclusion. In the following, we give a brief review of Eshelby’s method leading to
Eq. (8), because the derivation will be useful for our proof.
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Figure 2: Steps to Solve Eshelby’s Inclusion Problem.

Initially both matrix and the ellipsoidal inclusion are undeformed. The inclusion
and matrix are separated (Figure 2a) and the inclusion alone is given the uniform
stress-free transformation strain e∗I . As e∗I is inelastic strain and stress-free, there
is no strain energy change in either the inclusion or the matrix. Tractions −σ∗ijni
(where σ∗ij = Cijkle

∗
kl and ni is the outward facing unit normal of the inclusion)

are applied to the inclusion boundary to “elastically” back-strain it to its original
shape and size (Figure 2b), while the matrix remains undeformed. The strain energy
change at the end of Step 1 is

∆W1 =
1

2

∫
V0

σ∗Ie
∗
IdV =

1

2
σ∗Ie

∗
IV0, (9)

where V0 is the volume of the inhomogeneity.
The inclusion is inserted back into the ellipsoidal “hole” in the matrix (Figure 2c),

and the discontinuity in traction across the matrix-inhomogeneity interface is equiv-
alent to a “body force”

fj = σ∗ijnidS (10)

distributed over S0, the interface, where dS is a differential surface element of the
interface. Relaxing this body force to zero (or equivalently adding on a solution to
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remove this body force layer everywhere on S0, Figure 2d), produces an additional
strain energy change

∆W2 = −1

2

∫
S0

σ∗ijniu
c
jdS = −1

2

∫
V0

σ∗ije
c
ijdV0 = −1

2
σ∗Ie

c
IV0 = −1

2
σcIe
∗
IV0 (11)

which is simply the average work done on S0 in relaxing the layer of body force
to zero. ecI = SEIKe∗K is the “constrained” elastic strain (in Eshelby’s terminology)
associated with e∗, and is thus uniform in V0. SE is the Eshelby tensor for the
inclusion.

In its final state the transformed inclusion has undergone an elastic strain given
by ecI − e∗I and its stress state is given by σIK = CKJ(ecJ − e∗J), where the superscript
“I” stands for inclusion. The total strain energy change in the system of inclusion
and surrounding matrix is the sum of Eq. (9) and Eq. (11), namely

∆W = −1

2
σIKe

∗
KV0. (12)

2.2 Eshelby’s Transformed Inhomogeneity Problem

Eshelby’s most clever method of solving the “transformed” inhomogeneity prob-
lem was to note that an ellipsoidal inhomogeneity (elastic stiffnesses C

′
and eigen-

strain e∗
′
) can be replaced by an “equivalent” inclusion with elastic stiffness C and

eigenstrain e∗. We can apply Eshelby’s procedure in §2.1 to find the total strain and
elastic strain inside the inhomogeneity and the equivalent inclusion:

etotalI = ecI (13)

eelasticI = ecI − e∗I (for the inclusion) (14)

eelasticI = ecI − e∗
′

I (for the inhomogeneity). (15)

As the total strains are the same, the inclusion may be replaced by the inho-
mogeneity with displacement continuity maintained at the inhomogeneity/matrix
interface. Traction continuity is maintained with this switch if the stress in both
inclusion and inhomogeneity are equal, i.e. if

C
′

IK(ecK − e∗
′

K) = CIK(ecK − e∗K). (16)

This is the equation from which Eshelby’s equivalent inclusion method stems and is
equivalent to Eq. (1) and Eq. (3). Eshelby assumed that an equivalent inclusion (e∗)
can always be found for each transformed inhomogeneity (e∗I , C

′
IK). This requires

A = C
′SE + C(I − SE) to be invertible, which is the property we aim to prove in

this paper.
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3 Proof

3.1 Proving C(I− SE) is P.D.

Energy arguments will be used to investigate the possible positive definite nature
of C(I− SE). Using Eq. (12) the inclusion energy can be written as

E =
1

2
σ∗I (e

∗
I − SEIKe∗K)V0

=
1

2
σ∗I (IIK − SEIK)e∗KV0

=
1

2
CIMe

∗
M(IIK − SEIK)e∗KV0

=

[
1

2
e∗Me

∗
KV0

]
[CIM(IIK − SEIK)]. (17)

Because the left hand side of Eq. (17) is a strain energy (an inherently non-negative
quantity for stable media), the right hand side must also be positive for any real
eigenstrain e∗I . Therefore, the matrix C(I− SE) is P.D.

3.2 Proving CSE is P.D.

It is possible to show that CSE is also P.D. The energy change ∆W2 in Eshelby’s
last step (see Figure 2d), must be negative, because we remove a constraint on the
system (the layer of distributed body force) which then relaxes spontaneously to its
final state.

∆W2 = −1

2
σ∗Ie

c
IV0 = −1

2
CIKe

∗
KSEIMe∗MV0 ≤ 0 (18)

This leads to

e∗KCKISEIMe∗M > 0, (19)

meaning that CSE is P.D. According to Appendix B, det[CSE] > 0, even though
CSE is not a symmetric matrix [8].

In the special case that C
′
= λC, with λ > 0, we have:

A = λCSE + C(I− SE), (20)

so that A is the sum of two P.D. matrices and must be P.D. This is a sufficient
condition for A being nonsingular. In general C

′SE is not P.D. and A is not P.D.
However, we can still show that A is always nonsingular (i.e. invertible).
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3.3 Proving A Is Invertible

The method of proof by contradiction will be used to show that A is invertible.
Suppose A is singular (i.e. its determinant = 0), and A−1 does not exist. Without
the inverse, the equivalent inclusion strain, e∗M cannot be found for a given C

′
IK .

Now consider C
′
IK altered through a perturbation, i.e.:

C
′

IK −→ C
′

IK + εCIK , where ε ≥ 0. (21)

Substituting this into Eq. (4) leads to a perturbed A matrix as a function of ε.

A(ε) ≡ C
′SE + εCSE + C(I− SE). (22)

Note by assumption

det[A(ε)] = 0 when ε = 0 (23)

For sufficiently large values of ε, A is dominated by the εCSE term, and

det[A(ε)] −→ ε6det[CSE] > 0. (24)

This means that det[A(ε)] must be positive for sufficiently large ε. In addition, note
that det[A(ε)] is a smooth (polynomial) function of ε. Hence, det[A(ε)] must also
deviate from zero for arbitrarily small ε > 0. For any infinitesimal ε, there exists a
unique equivalent inclusion eigenstrain by solving Eq. (22).

AIK(ε)e∗K(ε) = C
′

IKe
∗′
K

e∗(ε) = A−1(ε)C
′
e∗

′
(ε→ 0+) (25)

Note that C
′

is always invertible, meaning that C
′
e∗

′
spans the full 6-dimensional

space. Because det[A(ε = 0)] = 0, then det[A−1(ε = 0)] −→ ∞. Applying this to
the right hand side of Eq. (25) as ε→ 0+ yields

lim
ε→0+

A−1(ε)C
′
e∗

′ −→∞. (26)

This would mean:

lim
ε→0+

e∗(ε) −→∞. (27)

This implies that the equivalent inclusion eigenstrain is unbounded for A close to
singular. We assume the problem at hand is not the trivial case of a singularity
caused by a → 0, b → 0, or c → 0 (a,b,c are the major/minor axes of the ellipsoid)
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and that C and C
′
are always invertible. Then limε→0+ e∗(ε) −→∞ would imply that

the total strain of the equivalent inclusion eI , which is the same as the total strain
of the inhomogeneity eI

′
, will go to infinity as ε → 0. This would mean the elastic

energy stored in the matrix will become unbounded as ε → 0, which is physically
impossible because the energy in the matrix must be smaller than the energy stored
in the inhomogeneity when it is subjected to an elastic strain that exactly cancels the
transformed strain (i.e. when eI

′,tot = eI
′,elastic+ e∗

′
= 0). This means E < 1

2
σ∗

′
I e
∗′
I V0.

Because e∗(ε) cannot get arbitrarily large from infinitesimal changes of C
′
, the

possibility that limε→0det[A(ε)]= 0 must be discarded, a contradiction to the initial
assumption. Thus A must always be invertible.

4 Conclusions

We used the P.D. nature of two tensors combined with energy arguments used
by Eshelby in his original approach to show that the matrix A defined in Eq. (5)
must be invertible. Since A has this property (for nontrivial C, i.e. matrix is not
rigid or infinitely pliant), Eq. (1) can always be solved for e∗. The method outlined
above only applies for the one scenario corresponding to Eq. (1) (initially strained
inhomogeneity with different elastic constants than the surrounding infinite matrix,
with no applied external fields), however a similar approach can be used to explore
the solvability of other situations.
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due to minor symmetries (i.e. Cijkl = Cjikl and Cijkl = Cijlk).
C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66

 =


C1111 C1122 C1133 C1123 C1113 C1112

C2211 C2222 C2233 C2223 C2213 C2212

C3311 C3322 C3333 C3323 C3313 C3312

C2311 C2322 C2333 C2323 C2313 C2312

C1311 C1322 C1333 C1323 C1313 C1312

C1211 C1222 C1233 C1223 C1213 C1212



SE11 SE12 SE13 SE14 SE15 SE16

SE21 SE22 SE23 SE24 SE25 SE26

SE31 SE32 SE33 SE34 SE35 SE36

SE41 SE42 SE43 SE44 SE45 SE46

SE51 SE52 SE53 SE54 SE55 SE56

SE61 SE62 SE63 SE64 SE65 SE66

 =


SE1111 SE1122 SE1133 SE1123 SE1113 SE1112

SE2211 SE2222 SE2233 SE2223 SE2213 SE2212

SE3311 SE3322 SE3333 SE3323 SE3313 SE3312

2SE2311 2SE2322 2SE2333 2SE2323 2SE2313 2SE2312

2SE1311 2SE1322 2SE1333 2SE1323 2SE1313 2SE1312

2SE1211 2SE1222 2SE1233 2SE1223 2SE1213 2SE1212


Note that in the Nye notation, the matrix notation of Eshelby’s tensor is different
from that of the elastic stiffness tensor C. This is because C describes the relation
between stress and strain, while SE describes the relation between two strain tensors.
The second rank tensors can also be reduced to a vector formulation.

e1
e2
e3
e4
e5
e6

 =


e11

e22

e33

2e23

2e13

2e12




σ1

σ2

σ3

σ4

σ5

σ6

 =


σ11

σ22

σ33

σ23

σ13

σ12


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B Positive Definite Non-Symmetric Matrices

B.1 Definition

The positive definiteness of non-symmetric matrices depends on the positive defi-
niteness of the symmetric part of the non-symmetric matrix[7]. As mentioned earlier,
a matrix (A) can be separated into a symmetric (B) and an antisymmetric (D) part
as:

A = B + D

B =
A + AT

2

D =
A−AT

2

B and D can be substituted into the definition of P.D., yielding

xTAx = xT (B + D)x = xTBx + xTDx = xTBx (28)

because xTDx = 0. Thus if the symmetric term is positive definite, the entire non-
symmetric matrix is positive definite.

The fact that all eigenvalues are positive comes immediately from this result. If
x is a right eigenvector of nonsymmetric P.D. matrix A with eigenvalue λ, then

Ax = λx

xTAx = xTλx

λ =
xTAx

xTx

where the numerator is positive due to A being P.D. and the denominator is simply
the norm of x, a non-negative quantity. Thus, λ must be positive.

B.2 Determinant

In this appendix, we show that the determinant of a non-symmetric P.D. matrix
is positive. We give the proof here for completeness, because most of the discussion
on positive definiteness in the literature focuses on symmetric matrices, with the
exception of [8]. Suppose H is an N×N , real, symmetric, P.D. matrix (i.e. H = HT ,
x+Hx > 0 ∀x 6= 0, and det(H) > 0, where x+ indicates the complex transpose)
and suppose D is a real, antisymmetric matrix (i.e. DT = −D). To show that the
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determinant of a positive definite, real, non-symmetric matrix has to be positive, it
is equivalent to show det(H + D) > 0.

Since H is real, symmetric, and P.D., H−1 is also real, symmetric, and P.D. This
means that −DH−1D is a real, symmetric, semi-definite matrix because

−x+DH−1Dx = (Dx)+H−1(Dx) > 0 iff Dx 6= 0

−x+DH−1Dx = 0 iff Dx = 0.

We can also state that xTDx is purely imaginary or zero because

(x+Dx)∗ = xiD
∗
ijx
∗
j = xiDijx

∗
j = x∗jDijxi = x∗j(−Dji)xi = −(x+Dx). (29)

This is an expansion of what was found in the first part of this appendix.
We can also state that H−1D has no real eigenvalues λ, with the possible excep-

tion of λ = 0. This can be shown by supposing H−1Dx = λx, with λ 6= 0, which
also indicates that Dx 6= 0. Then

0 < −x+DH−1Dx = −x+D(λx) = −λx+Dx (30)

because x+Dx is purely imaginary (it is not zero in this case). Thus, λ must be
purely imaginary to make −λx+Dx > 0.

Hence det(λI−H−1D) = 0 has no real roots, except possibly λ = 0. Equivalently,
det(λI + H−1D) = 0 has no real roots, except possibly λ = 0. Excluding the
possibility that λ = 0 yields

0 6= det(λI + H−1D) ≡ f(λ). (31)

In fact, we also know that

f(λ) > 0 λ→∞ (32)

Since there are no real roots and f(λ) > 0 at some point, f(λ) > 0 ∀λ > 0. From
here, we can let λ = 1 to get f(1) = det(I + H−1D) > 0. Thus

det(H + D) = det[H(I + H−1D)] = det(H) · det(I + H−1D) > 0, (33)

since det(H) > 0 and det(I + H−1D) > 0.
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