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In experiments that involve contact with adhesion between two surfaces, as found in atomic
force microscopy or nanoindentation, two distinct contact force (P ) vs. indentation-depth (h)
curves are often measured depending on whether the indenter moves towards or away from
the sample. The origin of this hysteresis is not well understood and is often attributed to
moisture, plasticity or viscoelasticity. Here we report experiments that show that hysteresis
can exist in the absence of these effects, and that its magnitude depends on surface roughness.
We develop a theoretical model in which the hysteresis appears as the result of a series of
surface instabilities, in which the contact area grows or recedes by a finite amount. The model
can be used to estimate material properties from contact experiments even when the measured
P -h curves are not unique.

Keywords: atomic force microscopy, nanoindentation, surface roughness, adhesion, contact
mechanics.

1. Introduction

Adhesive contacts play a central role in many biological phenomena and engineered
systems, such as in cell adhesion [1] and microdevices [2]. In particular, character-
ization of materials using contact experiments, such as Atomic Force Microscopy
(AFM), requires an understanding of adhesive contacts [3–5]. During adhesive con-
tact the measured contact force vs. indentation-depth (P -h) curves often display
a clear and repeatable hysteresis loop [4, 6–9] (Fig. 1(a)). These curves have two
branches, one measured as the indenter moves towards the sample, and another
one as it moves away. The area inside the hysteresis loop (H) measures the energy
loss during a cycle. In some adhesive contact experiments [such as, 4, 6–9, and this
study], H depends on the maximum indentation-depth, |hmin|. We refer to this
behavior as depth-dependent hysteresis (DDH).

DDH cannot be explained by classical contact theories [10–13], which predict a
P -h curve with a single branch in the regime of h < 0. Fitting experimental data
displaying DDH to these theories leads to different estimates for material proper-
ties depending on which branch of the curve is used [8, 9, 14, 15]. The mechanism
of DDH is not well understood, but it has been attributed to several factors, such
as material damage (plasticity) [16], ambient moisture [6, 17], viscoelasticity [18],
and chemistry related mechanisms [7–9, 19]. Here, we report experiments in which
the observed DDH cannot be explained by these factors alone. Furthermore, the
observed DDH is found to depend on surface roughness. Thus, we hypothesize that
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surface roughness coupled with adhesion can give rise to DDH. We also present a
model for adhesive elastic contact between rough surfaces whose predictions are
consistent with our experiments. Most notably, it predicts different P -h branches
during loading and unloading. Therefore, our model enables the estimation of ma-
terial properties by simultaneously fitting both branches of the experimental P -h
curves, instead of having to choose among the two. The fitting also provides certain
information about surface roughness of the contacting surfaces.

2. Materials and Methods

2.1. Hysteresis measurements

To investigate the mechanism of DDH we measured P -h curves on four Poly-
dimethylsiloxane (PDMS) samples having varying roughness using both AFM and
nanoindentation apparatus. The AFM tip was a spherical glass bead and the
nanoindentation tip was a flat face of a truncated diamond cube. Details of PDMS
sample preparation, AFM, and nanoindentation experiments are given in the fol-
lowing sections.

On each sample we measured P -h curves at five different sample spots that
were separated from one another by at least 200µm. We brought the tip into
contact with each sample spot several times (≈ 20); each time starting from a tip-
sample separation where P = 0. The tip base was moved towards the samples until
the tip was pushed into the sample by a predetermined amount—the maximum
indentation-depth (|hmin|)—and then moved away until P = 0 again. We counted
each time the tip is brought into contact with the sample as a contact cycle. The
speed of the tip’s base (ḋ) was kept constant during the measurements. As stated,
at each sample location we performed several contact cycles with |hmin| ranging
from 0 to 1500 nm. For each |hmin|, we calculated the energy loss H by computing
the area enclosed within the corresponding contact cycle’s P -h loop.

For a given |hmin|, the H for a sample is the average of the data taken at the five
locations. The error bars for H are the standard deviation of the data taken over
the five locations.

2.2. Polydimethysiloxane (PDMS) sample preparation

We fabricated PDMS samples having varying roughness but identical mechanical
properties and surface chemistry using a soft-lithography technique [20], where the
same PDMS solution (base:crosslinker= 10:1, Sylgard 184, Dow Corning, Midland,
MI) was cast onto different silicon (Si) molds (University Wafer, South Boston,
MA). The Si molds were roughened to varying extents by exposing them to reactive
ions in a parallel plate plasma etcher (RIE-100, Drytek) for durations ranging from
30 seconds to 6 minutes. The gas flow rates (SF6/O2 = 90/25 sccm), RF power
(200 W), and pressure (70 mTorr) were held constant for all etches. The PDMS
solution was well mixed and deaerated in a centrifugal mixer (AR-100, Thinky,
Tokyo, Japan) to obtain a uniformly mixed prepolymer solution. The Si molds
were vapor coated with a releasing agent (Chlorotrimethylsilane, Sigma-Aldrich, St.
Louis, MO) before casting a 5-10 mm thick prepolymer solution onto them. Vacuum
was applied to the casts for 15 minutes before curing them at room temperature
(≈ 20◦C) for 48 hours.

We measured the Si molds topography by scanning their surfaces using a sharp
Si tipped AFM operated in tapping mode. We performed these measurements
over 4µm2 scan areas at three different locations on each sample. From these
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measurements, we observed that the Si molds RMS (root mean square) roughness
varied from 0.65 to 1.52 nm. The number of asperities, which we determined by
counting the points where the topography had a local maxima, were 213 ± 10,
99 ± 8, 98 ± 8, and 75 ± 4 per square micron on the Si wafers exposed to 0 sec,
30 sec, 3 min, and 6 min of reactive ion etching respectively.

Because of the large compliance of PDMS (Young’s modulus∼ 1 MPa), we could
not measure the PDMS sample roughness directly using an AFM. However, the
soft-lithography technique we used [20] is known to replicate features down to
2 nm [21]. Thus, in this work we assume that the RMS roughness of our PDMS
samples is proportional to that of their respective Si molds on which they were
cast. Furthermore, since the different PDMS samples were cast from the same
prepolymer solution we expect that all samples have the same bulk mechanical
properties and surface chemistry.

2.3. Atomic Force Microscope (AFM) Contact Experiments

Indentation with soda lime glass beads (Duke Scientific, Palo Alto, USA) was per-
formed in air at room temperature using an AFM (alpha300A, Witec Instruments,
Ulm, Germany) operated in the contact mode. The beads had a diameter of 50µm,
and a RMS roughness of 6 nm. They were attached onto an AFM cantilever (Arrow
NCR, Nanoworld, Neuchâtel, Switzerland) using epoxy resin. The spring constant
of the cantilever was estimated to be 30 ± 6 N/m by measuring the resonant fre-
quency, for details see [22].

Underwater measurements were performed by placing the samples in a container
filled with deionized water. At the beginning of the experiment the AFM tip was
lowered into the container such that it was completely under water .

2.4. Nanoindentation experiments

To estimate the viscoelasticity of our PDMS samples we also measured P -h curves
on all our PDMS samples using a flat faced diamond tip. These measurements
were performed using a nanoindentation apparatus (Hysitron, Minneapolis, USA).
The tip is a corner of a diamond cube whose apex has been flattened. The RMS
roughness of the diamond tip measured through imprints on a gold surfaces was
< 1 nm. The flat contacting face is an equilateral triangle with sides 10.5µm long
and an area of 47µm2. The machine was operated in displacement control mode.

3. Results & Discussion

3.1. AFM Experiments

Fig. 1 (a) shows the P -h curves using an AFM during glass-PDMS contact at the
loading rate ḋ = 10 nm · s−1. Two distinct P -h branches are found for the loading
and unloading stages. Fig. 1(b) shows that the energy loss H of a contact cycle
increases with |hmin|, which is a signature of depth-dependent hysteresis (DDH).
Fig. 1 (c) and (d) show that similar behavior is also observed at a faster loading rate
of ḋ = 1000 nm · s−1. For a given maximum indentation depth |hmin|, the energy
loss is larger at the higher loading rate. This rate dependence will be discussed
further in Sec. 3.2.

At the higher loading rate of ḋ = 1000 nm · s−1, we measured the energy loss as
a function of |hmin| on PDMS samples with different surface roughness but similar
bulk properties and surface chemistry (see Sec 2.2). We chose to use the higher
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loading rate in order to expedite the experiments and reduce any instrumentation
drift errors in our measurements. Fig. 1 (d) shows that for a given maximum
indentation depth,H increases as the sample RMS roughness grows from 0.65 nm to
1.31 nm, but then decreases as RMS roughness increases further to 1.52 nm. These
data are also plotted in Fig. 2 (a) with RMS roughness as the x-axis. This behavior
of initial increase and then decrease of H with RMS roughness was observed using
two different sets of PDMS samples, AFM cantilevers, and glass beads on two
different days. The two sets of PDMS samples were prepared using the same set of
Si molds.

Ambient moisture can cause DDH because condensation of a liquid meniscus at
the contact periphery is known to change the contact forces [23, pp. 880]. To test
this possibility, we performed glass bead-PDMS contact experiments under water,
where no meniscus can form. Fig. 1(e) and (f) show that DDH still appears in
this experiment. We estimated the contributions to DDH from water’s viscosity to
be negligible (∼ attojoules) for the loading rates used in our experiments. This is
confirmed by the flat region of the P -h curve in Fig. 1(e) at h > 0, which indicates
that no appreciable force was measured while the cantilever moves in water be-
fore touching the sample. Hence, we expect the same mechanisms causing DDH in
the in-air experiments are responsible for DDH in the under water experiments as
well. In addition, moisture contribution in our in-air AFM experiments, shown in
Fig. 1(a-d), should be negligible since PDMS is known to be hydrophobic [24], and
these experiments were performed at conditions (relative humidity 34% , temper-
ature 23◦C) at which moisture condensation is estimated to be negligible. Hence,
we can rule out the possibility of moisture as the main cause of DDH in the exper-
iments shown in Fig. 1.

To test the possibility that the observed DDH may be instrumentation artifacts,
we performed glass-on-glass indentation experiments both before and after the in-
air and under water glass-PDMS experiments. No sign of DDH was observed in the
glass-on-glass experiments, which rules out instrumentation artifacts as a cause of
the observed DDH. Furthermore, successive P -h loops measured while indenting
the same sample spot to the same |hmin| always overlapped. We therefore exclude
material damage as a plausible cause of DDH in our experiments.

3.2. Nanoindentation Experiments

Viscoelasticity of the sample can cause DDH [25]. To test this possibility, we in-
dented our PDMS samples with a flat tip so that the contact area remained constant
during the experiment. Flat faced tips are not standard for an AFM apparatus.
However, a nanoindentation (NI) apparatus (see Sec. 2.4) with flat faced diamond
tips was readily available. Although the glass-PDMS adhesion energy is different
from that of diamond-PDMS 1, when the contact area remains constant the ad-
hesion energy should not affect the contact forces.

The maximum-indentation depth, indentation rates and size of contact region in
the NI experiments were chosen such that bulk deformation and deformation rates
in the NI and AFM experiments were comparable. The |hmin| in both the AFM
and the NI experiments lay in the range of ∼ 250-1500 nm. The contact area in
the NI experiments remained constant at 47µm2, while that in the AFM experi-
ments varied from 10 to 230µm2 as h went from 0 to 1000 nm. The loading rates,

1 In this work we estimate glass-PDMS adhesion energy to be 26 mJ/m2 (sec. 3.4). Cao et. al. report the
diamond-PDMS adhesion energy to be 227 mJ/m2. However, from other sources the glass-PDMS adhesion
energy is seen to lie in the range 12–150 mJ/m2 [6, 26], and the diamond-PDMS adhesion energy is seen
to lie in the range 20–500 mJ/m2 [27–29].
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ḋ, in both AFM and NI experiments were varied in the range 10-1000 nm · s−1.
Note however that the base-tip stiffness in the NI experiments is effectively infinite
compared to the stiffness of the AFM cantilever. Thus, the deformation rates in
the NI experiments are expected to be somewhat larger than those in the AFM
experiments for the same ḋ.

At the loading rate ḋ = 10 nm · s−1, the P -h measurements from our nanoinden-
tation experiments did not display any appreciable hysteresis, with H < 0.03 pJ.
At the higher loading rate of ḋ = 1000 nm · s−1, hysteresis was observed and was
found to increase with the maximum indentation depth |hmin|. However, this depth-
dependent hysteresis (DDH) was insensitive to the sample roughness, as shown in
Fig. 2 (b). The NI P -h measurements were quite repeatable, i.e., repeatedly in-
denting a sample spot to the same |hmin| gave indistinguishable P -h curves. Thus,
material damage can be ruled out as playing any role in these experiments. In ad-
dition, before indenting PDMS, indenting polycarbonate samples using the same
NI apparatus showed no hysteresis at all. This shows that the NI apparatus did
not have any intrinsic hysteresis associated with it. Thus, the DDH seen in the NI
experiments is likely due to the viscoelasticity of the PDMS samples.

Since the NI experiments at ḋ = 10 nm · s−1 showed negligible viscoelasticity
effect, the DDH seen in the AFM experiments at the same low loading rate cannot
be explained by viscoelasticity. The NI experiments at ḋ = 1000 nm · s−1 imply
that some fraction of the DDH seen in the AFM experiments at this rate is due to
PDMS’ viscoelasticity. However, since DDH in the NI experiments did not depend
on the sample’s roughness, a fraction of the DDH seen in the AFM experiments at
ḋ = 1000 nm · s−1, specifically, the amount that varies with roughness, cannot be
explained solely by PDMS’ viscoelasticity.

Therefore, our study shows that there is an additional, yet unaccounted, source of
DDH in our AFM experiments. Because the primary difference between the AFM
and NI experiments is whether the contact area changes or remains fixed, this un-
accounted source of DDH suggests a surface-related mechanism that operates when
the contact area changes. This hypothesis is reinforced from the observation that
H in the AFM experiments initially increases and then decreases with the sample’s
roughness. In the next section, we explore this hypothesis in depth by developing
an analytic model of adhesive contact that accounts for surface roughness.

3.3. Theory: A Model for Adhesive Elastic Contact between Rough Surfaces

The correlation between DDH and surface roughness suggests that DDH may be
explained in terms of surface roughness, in the absence of all the other aforemen-
tioned factors such as moisture, plasticity, viscoelasticity, etc. In the following we
develop such a theory, and answer the following two questions. First, how can
roughness cause DDH? Second, why does the energy loss first increase and then
decrease with increasing RMS roughness?

To some extent, the effect of roughness on DDH is surprising, since the RMS
roughness of the surfaces of the samples and the indenter (a few nm) is significantly
smaller than the radius of the contact region in our experiments (2 to 8.5µm). In
many situations the effect of such small surface perturbations on H are negligible,
such as in the NI experiments in Fig. 2(b) (see also [30]). As we discuss next,
however, surface roughness can change how the contact area evolves with h, and
hence exert a dramatic influence on H as shown in Fig. 2(a).

During a slow loading (unloading) process, the contact area grows (decreases)
in a way that is always in equilibrium: changes in elastic and interfacial energies
induced by small variations of the contact area exactly balance. When the surfaces



August 26, 2010 12:6 Philosophical Magazine Letters hys˙PhilMagLett˙v09˙Revised

6 H. Kesari et al.

are perfectly smooth, only one equilibrium contact area exists for each h. However,
multiple equilibria can exist if the surfaces are rough. Among these equilibria, those
with smaller contact areas are probed while loading, while equilibria with larger
contact areas are explored during unloading. This leads to two different P -h curves
for the loading and unloading phases, and is sufficient to cause DDH.

To quantify the magnitude of the energy loss due to roughness, we consider
the contact between a rigid spherical indenter with radius R and a wavy sample
surface with wave length λ and amplitude 2A (Fig. 3(c)). The RMS roughness of
this model surface is proportional to A. In the following we find that, as A grows,
H increases when A is small, and decreases when A is large, in agreement with our
experimental observations.

We first assume that A is small enough such that the contact area between the
two bodies is simply connected, i.e, within the contact area the surfaces adhere
uniformly leaving no gaps (small roughness in Fig. 2 (a)). When the surface shape
of the sample is an axi-symmetric sinusoid, the equilibrium P–h curve has been
analytically derived in [31], Eqs. (2), (3), in [14].

Examples of this equilibrium P–h curve are shown in Fig. 3 (a), (b), as solid gray
curves. The equilibrium P–h curve has oscillations, or folds, owing to the sinusoidal
topography of the surfaces. In some cases (such as those shown in Fig. 3) the
oscillations can be so pronounced that multiple values of P appear for each h, each
one the consequence of a different equilibrium contact area. This phenoemenon has
been discussed in [31], and explored experimentally at the macroscale (∼ 10−2 m)
in [14].

We construct a model for roughness by first deriving asymptotic forms for Eqs.
(2), (3), of [14] and then using them to derive the equations for the measured P–h
curve. Specifically, as we will show elsewhere, when λ/R � 1 and A/λ ∼ O(1),
the P (h) curve is multiply valued. Consequently, the P–h curve measured in an
experiment does not follow the folds of the equilibrium P–h curve, but depends on
the loading history (e.g., the thin solid red curve in Fig .3 (a)). As λ/R decreases,
the folds in Fig. 3 (a) get tighter, see Fig. 3 (b). Under these conditions, an ex-
perimentally measured P–h loop will essentially follow the envelope of the folded
analytic curve, given by 1,

P (a) =
4E∗

3R
a3 −

√
8πγE∗a

3
2 ± 2πE∗

A

λ1/2
a

3
2 , (1a)

h(a) =
1
R
a2 −

√
2πγ
E∗

a
1
2 ± π A

λ1/2
a

1
2 . (1b)

This envelope is parameterized by the radius a of the contact area. The shape of the
envelope depends on the adhesion energy between the bodies γ and the plain-strain
Young’s modulus E∗. The + and − signs corresponds to the loading and unloading
phases of the experiment, respectively. When unloading begins, the experiment will
initially sample a leg of the very last fold, which for λ � R becomes a straight
line. An example of the envelope curve is shown in Fig. 3(b) (solid blue curve).

Notice that when A = 0, the loading and unloading branches in (1a) and (1b)
collapse to a single curve, the equilibrium P–h curve given by the JKR contact

1The derivation of eqs. (1a) and (1b) requires considerable space to be properly explained, so it will
be published separately. Briefly, however, when λ/R � 1 and A/λ ∼ O(1), the equilibrium P–h curve
given by Eqs. (2), (3) in [14], which are parametric equations of the form P (a), h(a), reduces to a form
which contains terms given by the JKR contact theory and additional oscillatory terms arising due to the
sinusoidal topography. We derive the equation for the envelope by replacing the oscillatory terms with
their respective maximum and minimum values.
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theory [10]. The JKR theory also considers adhesive contact between a paraboloid
and a half-space, but ignores the roughness of the surfaces. Similarly, when both A
and γ are set to 0, Eqs. (1a) and (1b) reduce to the equilibrium P–h curve given
by Hertz contact theory [11], which ignores both adhesion and roughness.

3.4. Comparing Theory with AFM experiments

A comparison of the experimental results with a fitting to Eqs. (1a) and (1b)
is shown as dashed lines in Fig. 1(a). For the fitting we used E∗ for PDMS as
0.75 MPa, γ for glass-PDMS contact as 2.6 × 10−2 J and A/

√
λ = 9 × 10−6√m.

These values for E∗ and γ are very close to the reported values [5, 6, 32, 33] for the
same composition of PDMS and glass used in this work (Sec. 2.2). Additionally,
the value of A/

√
λ is commensurate with AFM scans of the glass bead, and the

Si mold surfaces, which revealed a combined RMS-roughness of the bead and the
samples of ∼ 10 nm (A) and feature sizes smaller than 1000 nm (λ).

It follows from Eqs. (1a) and (1b) that H scales as (γE∗/λ)1/2RA |hmin|. This
means that in the small roughness limit H increases with the roughness A, max-
imum indentation depth |hmin|, and adhesion energy γ, all consistent with our
experiments. First, Fig. 2(a) shows that H initially increases with RMS roughness.
This finding contrasts the traditional viewpoint in which the pull-off adhesion force
decreases with roughness [15]. It may also explain why rolling friction initially in-
creases with roughness, as found by Briggs and Briscoe [34], and first noted in [31].
Second, Fig. 1(b), (d), and (f) show that H increases linearly with |hmin| as pre-
dicted by our model. Finally, Fig. 1(c) and (e) show that contact forces under water
are larger compared to in air, indicating that the glass-PDMS adhesion energy γ
is lower under water1. Based on this, our model would predict that the energy loss
H is also lower under water than in air, which is consistent with Fig. 1(d) and (f).

We should not expect H to always increase with A, since for A large enough the
contact region ceases to be simply connected. The transition from a simply to a
multiply connected contact region for a simpler geometry is known to depend on the
parameter α =

√
π2A2E∗/2λγ [30], with the contact region being simply connected

for α < 1 and multiply connected otherwise. Based on our fitted parameters, we
find α ≈ 0.1. Therefore, it is reasonable to speculate that the change in trend in
DDH at the largest roughness shown in Fig. 2(a) is due to a transition from only
a few to many patches out of contact within the apparent contact region.

For A large enough, the two bodies are actually in contact only in small patches
within the contact region (large roughness in Fig. 2(a)), and the elastic interac-
tions among them are negligible. Each patch then attaches/detaches through pull-
in/pull-out instabilities, as predicted by classical contact mechanics theories [10].
The value of H in this case is determined by the amount of energy lost at each
contact patch, times the number of patches. For a sample surface shaped as a sinu-
soidal egg box, H scales as2 (λ/E∗)2/3 γ5/3RA−4/3 |hmin|. This predicts that H is
of the order of pJ, that it should decrease with A, and that it scales linearly with
|hmin|, all consistent with our experiments.

1Reduced adhesion under water has also been observed between mica surfaces [35].
2The derivation of this expression will be published elsewhere.
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4. Conclusions

Our experiments and theoretical model suggest that in some experiments surface
roughness alone coupled with adhesion can give rise to depth dependent hysteresis.
A limitation of our work is that we did not have precise control of surface roughness
which we could vary only in an average way. For this reason we could not directly
measure an effective A or λ for our surfaces. This is important, since it seems
unlikely that a single parameter, in this case the RMS roughness, would suffice to
completely capture surface topography’s effect on the mechanics of contact. Thus,
a useful direction to pursue would be to make samples with tailored topographies
and then study the effect of surface topography on contact phenomenon in more
detail. Nonetheless, the current study clearly demonstrates that surface topography
can give rise to depth dependent hysteresis during contact. Our study demonstrates
that when there is evidence to suggest that surface roughness is responsible for the
observed DDH, then materials properties, such as E∗ and γ, can be estimated by
simultaneously using both branches of the P -h curve. It is somewhat surprising
that while the sample surfaces likely have complicated surface topographies, the fit
to Eqs. (1a) and (1b), which are derived by assuming a sinusoidal surface shape,
produces values for the mechanical properties that are in the range of expected
values. These results are encouraging, but further exploration and validation are
needed to test the robustness of this procedure to extract mechanical properties
from AFM experiments. Our findings also demonstrate the possibility of extracting
information about surface roughness at the nanoscale (the value of A/

√
λ) even

from experiments employing micrometer-sized AFM probes.
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Figure 1. caption

(a) AFM contact force (P ) as a function of indentation-depth (h) during glass-
PDMS contact in air at an indenting rate of ḋ = 10 nm · s−1. The PDMS sample was
cast on a Si wafer with an RMS roughness of 1.31 nm. The dashed lines in (a) are
the P -h curves predicted by Eqs. (1a) and (1b). (b) The energy loss H as a function
of the maximum indentation-depth |hmin| obtained from the P -h curves shown in
(a). (c) AFM P -h curve during glass-PDMS contact in air at ḋ = 1000 nm · s−1.
The PDMS sample was cast on a Si wafer with an RMS roughness of 0.65 nm. (d)
The energy lossH as a function of |hmin| for indentation conditions similar to (c) on
several PDMS samples cast on Si wafers with different RMS roughness (indicated
next to each curve). Each curve corresponds to a different PDMS sample and was
computed from measurements at five different locations on the sample. The shaded
region around each curve indicates the standard deviation of the measurements
taken at five locations on the PDMS samples. At each location H was measured
for ≈ 20 different |hmin|, for additional details see 2.1. (e) AFM P -h curve during
glass-PDMS contact under water at ḋ = 1000 nm · s−1. The PDMS sample was
cast on a Si wafer with an RMS roughness of 0.65 nm. (f) The energy loss H as a
function of |hmin| obtained from (e).

Figure 2. caption

Energy loss H on different PDMS samples vs. the Si mold roughness on which the
PDMS samples were cast, measured using (a) AFM and (b) Nanoindentation ap-
paratus. The different curves correspond to different maximum indentation depths
(|hmin|). For each |hmin|, the H for a sample is the average of the data taken over
five different locations separated by at least 200µm. The error bars for H are the
standard deviation of the data taken over the five locations. The error bars in (b)
are not clearly visible as there are quite small (∼ 10−2 pJ). The loading rate ḋ for
both (a) and (b) was 1000 nm · s−1. The insets in (a) show the qualitative nature
of the contact region hypothesized in this work, in the small, and large roughness
limits.

Figure 3. caption

(a) P -h curves predicted by a smooth-surface contact model [10] (dashed curve)
and by the small roughness contact model studied in this paper (thick solid curve).
Both curves are parameterized by the radius of the contact area. In an experiment
in which h is prescribed, sudden changes in the contact area occur at the tip of
every fold, such as from d to e. As a result, an experiment will measure only parts
of its envelope (thin solid curve). (b) When the roughness length scale (λ) is much
smaller than the radius of the indenter (R) the folds in the P -h curve are so close
together that the envelope of the P -h curve can be described by Eqs. (1a) and (1b)
(thick solid curve). (c)-(f) Contact shapes at different stages of loading/unloading
marked in (a).
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