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The ultrasonic nonlinearity created by dislocations in crystals is investigated using two-

dimensional dislocation dynamics (DD) simulations. An analytic model of the acoustic

nonlinearity parameter, b, of an isolated dislocation dipole is derived using a quasi-static loading

assumption. b is predicted to be strongly dependent on the glide stress acting on the dipole, which

is not captured by existing models. The technique is extended to an infinite dipole train and an

infinite Taylor lattice. b is shown to arise only under the presence of a glide stress. These results

contradict the existing model that predicts b of these dipole arrangements to be independent of

stress. The analytical models are shown to agree with two-dimensional DD simulations for glide

stresses well below the critical stress that causes dissolution of the dipole structure. Several finite

sections of the Taylor lattice are modeled with DD and are found to have anomalous scaling

behaviors. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.3699362]

I. INTRODUCTION

One of the ultimate goals of nondestructive evaluation

of materials is being able to detect the onset and extent of

damage caused by plastic deformation or fatigue. Nonlinear

ultrasonics is a technique that is being studied as a promising

candidate. Nonlinear ultrasonics was originally used to

investigate samples that had undergone a uniaxial deforma-

tion,1 but it has more recently gained attention as a potential

way to monitor fatigue damage in situ.2,3

A major shortcoming of traditional fatigue damage

detection techniques is that they are only able to detect mac-

roscopic cracks. In the high-cycle fatigue regime, the vast

majority of a metal’s life is prior to the emergence of macro-

cracks.4 However, the acoustic nonlinearity parameter b has

been found to grow in magnitude (by two to four fold) with

the number of load cycles in single and polycrystalline met-

als starting from the early stages of fatigue.5,6 Thus, nonlin-

ear ultrasonics can potentially monitor the entire fatigue life.

Unfortunately, the detailed mechanisms giving rise to the

increase of b are not well understood. The anharmonicity of

the crystal lattice creates nonlinearities, but its contribution

to b remains constant over the range of deformation of inter-

est. The primary contribution to the increase of b is com-

monly associated the interaction of the ultrasonic waves with

dislocations. Throughout the fatigue life, the dislocation den-

sity increases substantially and the dislocations spontane-

ously arrange themselves in various patterns such as veins

and persistent slip-bands.4 Existing analytical models for dis-

location contributions to b include a dislocation segment

bowing between pinning points in its glide plane and the os-

cillation of two straight dislocations in a dipole.5,7,8 The rela-

tive weights of these two dislocation effects have not been

conclusively determined, but they have already served as the

foundation of more advanced models.9–11

To date, little had been done to validate these models

beyond tenuous links to experiments on bulk specimens. We

have recently performed dislocation dynamics (DD) simula-

tions that revealed the shortcomings of the existing model of

a bowing dislocation and proposed an improved analytical

model that accounts for an orientation-dependent dislocation

line energy.7 DD simulations can reproduce the exact sce-

nario predicted by the improved analytical models. In addi-

tion, DD simulations are capable of modeling complex

dislocation structures that are beyond the reach of analytical

models.

In this paper, a new analytical model of the acoustic

nonlinearity for edge-dislocation dipoles is presented.

Understanding how dipoles affect b is important, because

dipoles are the building block of numerous fatigue micro-

structures and edge dislocations are the most prevalent in

fatigued face-centered cubic (FCC) crystals. The method is

extended to include the interactions between dipoles in one-

and two-dimensional periodic structures shown in Figs. 1(a)

and 1(b). The proposed models are compared with the exist-

ing models and 2D DD simulations. DD simulations are then

used to predict b for finite sections of the Taylor lattice.

II. ISOLATED DISLOCATION DIPOLE

A. Analytic derivation

The model of the acoustic nonlinearity for an isolated

edge dislocation dipole is developed using two infinitely-

long edge dislocations gliding in the x-direction as shown in

Fig. 2. The glide force per unit length on dislocation 2 at (x,

h) due to dislocation 1 with opposite Burgers vector and

fixed at the origin is12

F ¼ �lb2

2pð1� �Þ
xðx2 � h2Þ
ðx2 þ h2Þ2

; (1)

where b is the magnitude of the Burgers vector, l is the shear

modulus, and � is the Poisson’s ratio. b is defined as positive

when the direction of the Burgers vector for dislocation 1 is

in the positive x-direction. Taking a Taylor series expansion
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of Eq. (1) about x¼ h, the stable-equilibrium point under

zero applied stress, and substituting n¼ x� h to measure dis-

placement of dislocation 2 from the equilibrium point yields

F ¼ �lb2n
4ph2ð1� �Þ þ

lb2n2

8ph3ð1� �Þ þ
lb2n3

8ph4ð1� �Þ þ Oðn4Þ:

(2)

The dipole-interaction force required to balance an applied

stress r is

F ¼ �rbR; (3)

where R is an orientation factor between the applied stress

and the resolved shear stress on the glide plane of the dislo-

cations. The strain created by the dipole can be expressed in

terms of the dislocation displacement n as

�dis ¼ �ðnbKÞX; (4)

where K is the dislocation dipole density, and X is an orien-

tation factor between the applied and the measured strain

component. Here we have assumed that the crystal contains

a very low density of dislocation dipoles, so that the interac-

tion between dipoles becomes negligible. Eqs. (2)–(4) pro-

vide a relationship between �dis and the applied stress r.

Given these expressions, b can be obtained using a simi-

lar approach as that employed in our previous work,7 that is

from the second derivative of �dis with respect to r. The dislo-

cation contribution to the acoustic nonlinearity is found to be

bdis¼�16p2h3XKR2ð1��Þ2

b
þ384p3h4XKR3ð1��Þ3

lb2
r

þOðr2Þ; (5)

the details of the derivation are deferred to the Appendix. To

aid in analysis, Eq. (5) can be expressed in non-dimensional

form as

bdis

Kb2
¼ �16p2XR2ð1� �Þ2 h

b

� �3

þ 384p3XR3ð1� �Þ3 h

b

� �4 r
l

� �
þ O

r
l

� �2
" #

; (6)

where (Kb2), h/b, and r/l are non-dimensional measures of

density, glide plane separation, and stress, respectively.

Equation (6) can be used to provide an order of magnitude

estimate of the dislocation dipole’s contribution to acoustic

nonlinearity5 if the dipole density K and dislocation spacing

h can be estimated from existing transmission electron

microscopy studies.4

bdis consists of a term independent of applied stress and

one that has a linear dependence. The term independent of

applied stress in Eq. (6) is identical to the results of Cantrell

and Yost,5 but the linear dependence on stress was missing

in the previous expression.5 This was because in the earlier

analysis the Taylor expansions in terms of stress and strain

were not carried to sufficiently high order. The mathematics

in the approach taken by Cantrell and Yost5 was very com-

plex, because it started by considering the dynamic wave

propagation and only took the quasi-static approximation

near the end. In our approach, we take the quasi-static

approximation from the very beginning, which greatly sim-

plifies the math and allows us to carry the analysis to much

higher order.

B. Numerical simulations

Two-dimensional dislocation dynamics simulations were

performed to verify the significance of the newly introduced

linear stress dependence and the correctness of the analytical

FIG. 1. Relaxed state of infinite dipole structures.

FIG. 2. An isolated dipole gliding in the x-direction. Dislocation 2 is dis-

placed by an amount n away from its equilibrium position (h, h), assuming

that dislocation 1 is fixed at the origin.
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prediction. A series of simulations were performed for the dis-

location structure given in Fig. 2 using DDLab2D, a two-

dimensional MATLAB DD code developed by the authors.

The stress field of the dislocation was assumed to be that of

an infinitely-long, perfect edge dislocation. To reduce the

complexity of the simulations, the applied stress was chosen

to act directly on the slip system of the dipole and the strain

was measured along the slip direction. Therefore, X and R are

both unity and Eq. (6) reduces to

bdis

ðKb2Þ ¼ �16p2ð1� �Þ2 h

b

� �3

þ 384p3ð1� �Þ3 h

b

� �4 r
l

� �
:

(7)

This is the result that will be compared with the DD simula-

tions. Equation (A6) shows that bdis can be calculated in the

simulations by taking derivatives of the dislocation strain

with respect to stress about the equilibrium stress r:

bdis ¼ @
2�dis

@r2

@�

@r

� ��2

¼ @
2�dis

@r2

1

l
þ @�

dis

@r

� ��2

� l2 @
2�dis

@r2
;

(8)

where again, the dislocation contribution @�dis/@r to @�/@r is

negligible. This assumption has been numerically verified,

but the analysis is omitted here. A series of constant-stress

simulations were performed to determine the equilibrium

dislocation strain �dis. @2�dis/@r2 was then found using a cen-

tral difference scheme.

The analytical model was compared with the DD simu-

lations of a dipole with h/b¼ 10 in an isotropic material with

a Poisson’s ratio � of 0.40. Interactions with other dipoles

were ignored. For this configuration, it can be shown from

Eq. (1) and Eq. (3) that the critical stress to break the dipole

is r/l � 6.63� 10�3.

The numerical calculations for bdis are compared with

the proposed analytical model and that of Yost and Cantrell5

in Fig. 3. The DD data show a strong dependence on the

applied stress r. For r> 2� 10�3 l, bdis changes sign, which

has not been captured by previous models. This supports the

importance of the term with a linear dependence on r in the

proposed model. The new model agrees well with the DD

data for small applied stresses. At higher stresses, bdis devi-

ates from linearity and tends to infinity as r approaches the

critical stress to dissolve the dipole. From Eq. (1), it can be

seen that small changes in displacement near the critical dis-

tances of x¼ (1 6
ffiffiffi
2
p

)h result in large changes of the inter-

action forces between the dislocations. Fortunately, the

majority of the dipoles in a relaxed microstructure are likely

to be acted on by residual stresses well below the dissolution

stress. It should also be noted that the bdis is asymmetric

about the vertical axis (r¼ 0), as one would expect from the

asymmetric structure of an edge-dislocation dipole.

III. INFINITE DIPOLE TRAIN

A. Analytic derivation

To better approximate realistic dislocation structures it

is necessary to consider the interaction of dislocations in

multipolar structures. The simplest stable case to consider is

that of the infinite dipole train shown in Fig. 1(a). Although

stable in the infinite limit (i.e., under periodic boundary con-

dition (PBC)), a finite dipole train’s stability depends on its

end conditions. It is easy to verify by symmetry that the

relaxed spacing between neighboring dislocations is exactly

that of an isolated dipole; each dislocation is separated from

it is nearest neighbors by a distance h in the glide plane and

h normal to the glide plane. It is also evident that disloca-

tions with the same Burgers vector will have identical dis-

placements, n/2, due to an applied stress below the critical

stress to dissolve the structure. Likewise, dislocations of the

opposite Burgers vector will displace by �n/2.

These homogeneous displacements allow b to be calcu-

lated by considering the nonlinearities that arise from a sin-

gle dislocation of Burgers vector b interacting with every

dislocation of opposite sign, as shown in Fig. 4. The b calcu-

lated for this structure is that of the entire dipole train if the

dislocation dipole density K is taken to be

K ¼ 1

hd
; (9)

where d is the distance normal to the glide plane between

neighboring trains. Here we assume that d is large enough

for the interactions between dipole trains to be negligible.

Unfortunately, b cannot be directly calculated by sum-

ming the contribution from each dislocation pair in the dipole

train, because it is evident in Eq. (A6) that btotal does not sat-

isfy linear superposition. However, the stress and strain fields

of these dislocations can be summed to calculate the acoustic

nonlinearity of the entire structure. As with the isolated dislo-

cation model, a stress r is applied and resulting strain is calcu-

lated for the entire structure. The forces to counteract the

applied load are found by considering the stress fields created

by individual dislocations. Performing this sum numerically

requires an infinite summation that must be truncated.

FIG. 3. Non-dimensional b of an isolated dipole from DD simulations (*)

compared with the analytic results derived here (solid line) and the results of

Cantrell and Yost5 (dashed line).
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Fortunately, the analytical solution of the stress fields created

by tilt grain boundaries can be used instead.12

The stress field of the infinite wall in Fig. 4 with disloca-

tions separated by 2 h along the x-axis is

rxy ¼ ro sin 2pXðcosh 2pY þ cos 2pX � 2pY sinh 2pYÞ;
(10)

where

ro ¼
lb

4hð1� �Þðcosh 2pY þ cos 2pXÞ2
; (11)

with X¼ x=2h and Y¼ y=2h. Because the height of the dipole

train is always y¼ h, Y can be simplified to 1/2.

Using the technique for the isolated dipole in the Appen-

dix, a Taylor series expansion of the stress is

rxy ¼
c1l�dis

h2XKRð1� �Þ þ
c2l�dis3

b2h4X3K3Rð1� �Þ
þ Oðn5Þ; (12)

where the constants c1 and c2 are

c1 ¼
p½p sinhðpÞ � coshðpÞ � 1�

4½coshðpÞ þ 1�2
¼ 0:117344; (13)

c2 ¼
p3½coshðpÞ2 � coshðpÞ � p coshðpÞsinhðpÞ þ 5p sinhðpÞ � 2�

24½coshðpÞ þ 1�3
¼ �0:0766042: (14)

The acoustic nonlinearity from both the lattice and dis-

locations, btotal, can then be found to be

btotal ¼ @2�

@r2

@�

@r

� ��2

¼

�A666

A3
66

þ c2

c4
1

h4XKR3ð1� �Þ3

l3b2
r

1

A66

þ h2XKRð1� �Þ
c1l

� �2
þ Oðr3Þ: (15)

If the dislocation density is assumed to be sufficiently

small, it can again be verified that

h2XKRð1� �Þ
c1l

� 1

A66

: (16)

By removing the lattice contribution and simplifying,

the dislocation contribution in nondimensional form is

bdis

ðKb2Þ ¼
c2

c4
1

XR3ð1� �Þ3 h

b

� �4 r
l

� �

¼ 2424:19XR3ð1� �Þ3 h

b

� �4 r
l

� �
: (17)

Equation (17) reveals that bdis has a linear stress depend-

ence for both the isolated dipole and the the train, but the

train lacks a stress independent term. The absence of this

term is a result of the symmetry of the train. The proposed

bdis contradicts the model of Cantrell and Yost5, which

claims that bdis of dipole patterns is a multiple of stress-

independent contributions from isolated dipoles.

B. Numerical results

Numerical simulations of the dipole train were per-

formed using the technique and material properties described

in Sec. II B. A dipole was modeled in a domain of width 2 h
in the glide plane. An infinite train was simulated by using a

PBC along the direction of the train, similar to the schematic

in Fig. 1(a). The simulation results are plotted over a range

of applied stresses in Fig. 5. The numerical results agree

closely with the proposed analytical model. bdis is found to

be zero under no applied stress in the DD simulations, which

supports the models prediction that there is no stress inde-

pendent term for the train. A lack of a stress independent bdis

FIG. 4. Single dislocation acted on by a wall of oppositely signed

dislocations.

FIG. 5. Non-dimensional b of an infinite dipole train (*) from DD simula-

tions compared with our analytic prediction (solid line).
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is an important difference between the train and the isolated

dipole. Another difference is that the data for the train are

antisymmetric about zero applied stress, that is

bdisð�rÞ ¼ �bdisðrÞ: (18)

Figure 3 shows that this is not the case for the isolated

dipole, even if the offset at zero stress is removed. This fur-

ther illustrates the importance of the symmetry of the dislo-

cation structure.

IV. INFINITE TWO-DIMENSIONAL LATTICE

A. Analytic derivation

The interaction of dipoles can be further extended to two

dimensions by considering the infinite lattice in Fig. 1(b). This

2D structure is stable in the infinite limit (i.e., under PBC), but

the stability of finite 2D structures (see Sec. V) depends on the

shape of the structure.13 It is again easy to verify from symme-

try that the relaxed spacing between neighboring dislocations

is h in both the glide plane and the normal direction. Similar

to the train, the displacement of dislocations is identical for all

dislocations with the same Burgers vector. Thus, bdis can

again be calculated by considering the interaction of a single

dislocation with all others of opposite sign, as shown in Fig. 6.

Again, the b of individual pairs of dislocations cannot be

summed; the stress and strain fields of the entire structure

must be calculated, instead. Unfortunately, there is not an

existing analytical stress field for this structure. The solution

can be obtained by an analytic sum over one dimension and

numerical summation over the other dimension.

The stress field of a dislocation wall given in Eq. (10)

will again be used, but now Y will vary based on the distance

normal to the glide plane between the dislocation at the ori-

gin and the given wall. From Fig. 6 can see that

Y ¼ 6
hð2i� 1Þ

2h
¼ 6ði� 1=2Þ i ¼ 1; 2; 3…; (19)

where i is the pair number, as shown in Fig. 6, and the sign

depends on if the dislocation at the origin is above or below

the given wall. Similar to the dipole train, the stress field for

each dislocation wall can be expressed as a Taylor series

expansion about x¼ 0. The stress fields can then be summed

and solved using the same technique. While the dislocation

density within a Taylor lattice considered here is very high, we

assume that such a lattice still occupies only a small region of

a real crystal, as would be the case for fatigue veins. Hence,

the overall density K is much smaller than 1/(2h2), and Eq.

(16) is satisfied. In this case, bdis can again be expressed by

Eq. (17), but with c1¼ 0.236829, c2¼�0.940371, so that

c2=c4
1¼ 298.922. The constants depend on where the infinite

summation of dislocation walls is truncated; fortunately, c1

and c2 converge with only a few pairs of dislocations walls.

As with the dipole train, the symmetry of the 2D disloca-

tion lattice causes there to be no stress independent contribu-

tion to the acoustic nonlinearity. This is again in disagreement

with the Cantrell and Yost model5 that predicts bdis to be inde-

pendent of applied stress and a multiple of their isolated

dipole model. Another important observation is that the coeffi-

cient c2/c4
1 for the 2D lattice is about ten times than smaller

that of the 1D train. Thus, how dislocations pattern themselves,

for example, the emergence of persistent slip bands from fa-

tigue veins, can drastically affect the acoustic nonlinearity.

B. Numerical simulations

Only minor modifications to the dipole train simulations

had to be made to model the 2D dislocation lattice. A single

dipole was again modeled, but a square domain of size 2 h
with periodic boundary conditions in both directions was

used, as illustrated in Fig. 1(b). DDLab2D computes the stress

field of a dislocation in 2D periodic domain using the same

technique employed in the analytical model—a finite summa-

tion of pairs of dipole walls. The summation was truncated af-

ter 20 pairs. For the assumption in Eq. (16) to be valid, the

dislocation density in the crystal was assumed to be much

smaller than the actual density in the simulation domain.

The simulation results are plotted over a range of applied

stresses in Fig. 7. There is a strong agreement with the pro-

posed analytical model and bdis lacks a stress independent

term. Similar to the dipole train, the numerical data are anti-

symmetric about zero applied stress for the 2D lattice.
FIG. 6. Single dislocation acted on by an infinite lattice of oppositely-

signed dislocation walls.

FIG. 7. Non-dimensional b of an infinite 2D lattice from DD simulations

(*) compared with our analytic predictions (solid line).
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V. FINITE TWO-DIMENSIONAL LATTICES

The previous sections have highlighted how the acoustic

nonlinearity is affected by the interactions between dipoles.

Considering finite dipolar structures in Fig. 8 is a natural

extension of this study. The diamond structure in Fig. 8(a) is

a commonly used approximation of a fatigue vein.4 The zig-

zag structure in Fig. 8(d) is elongated along the y-axis and

might be used to approximate the structure within a persis-

tent slip band. All three arrangements considered are

extracted from the infinite Taylor lattice. Each one is com-

posed solely of elementary quadrupoles, and thus satisfies

Neumann’s stability condition.14

The contribution to b from dislocations on the boundary

of the lattices may be significantly different than those in the

interior and could lead to a size dependence. Unfortunately,

deriving analytical models using the presented techniques is

unfeasible, because it would require considering the

FIG. 8. The stress dependence of acoustic non-linearity for three stable, finite dipole structures studied in this work. The left column shows the schematics of

three structures: (a) diamond, (d) zig-zag, (g) slash. The middle column shows the non-dimensionalized acoustic non-linearity as a function of stress for the

three structures of different sizes. The right column shows the size scaling of the stress dependence of b (i.e., @b=@r) near zero stress for the three structures.
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interactions of every pair of dislocations in every configura-

tion. However, b can still be easily calculated using DD

simulations.

The dependence of b on applied stress over a variety of

structure sizes are plotted in the second column of Fig. 8 for

all three shapes. To account for the varying structure size,

the non-dimensional acoustic nonlinearity is redefined as

bdis

nðKb2Þ ; (20)

where n is the number of dislocations in each structure and

the density k is held constant. The curves are qualitatively

similar to those in the previous sections. Once again, all of

these structures have no acoustic nonlinearity at zero applied

stress. All three shapes exhibit a size dependence, but to vary-

ing degrees. The slope of the curves about zero applied stress,

db=nðKb2Þ
dr=l

�����
r¼0

(21)

is plotted against n in the third column of Fig. 8 to better

quantify the effect. Each shape is shown to have a well-

defined scaling with a power of n. If there were no size

effect, the normalized slope would be independent of n, i.e.,

n0 scaling. The normalized slope of the diamond and zig-zag

structure are shown to be proportional to n1/2 and n1, respec-

tively, while that of the slash actually decreases at a rate of

n�1/8. It should also be noted that the four dislocation struc-

ture for the diamond and slash are the same and have identi-

cal acoustic nonlinearity, as shown in Figs. 8(b) and 8(h).

The reasons for the exact scaling exponent in each case are

not clear. However, the general behavior is likely a result of

how much the structure deforms as its breakdown stress is

reached. Both the diamond and zig-zag structures undergo a

large amount of deformation prior to failure. The relative dis-

placement of the dislocations increases as the number of dislo-

cations in the cluster increases. In the largest clusters, the

quadrupole structures tend to decompose into dipole walls

under as the stress approaches the breakdown stress. Both of

these effects likely cause (@b/@r)/(nKb2) to increase with

increasing n. On the other hand, the quadrupoles in the slash

structure remain intact under stress. The quadrupoles in the

larger slashes appear to deform even less under stress, which

may explain the decrease of (@b/@r)/(nKb2) with increasing n.

VI. CONCLUSIONS

The analytical models presented in this paper offer an

improvement over the existing model on acoustic nonlinearity

b arising from dislocation dipoles and multipoles. Both the

analytic models and DD simulations show a strong stress de-

pendence of b. The inclusion of the stress dependence term

also allows for the possibility of a decrease, or even a change

of sign, of the dislocation contribution to b when an external

stress is applied. A similar effect was recently discovered for

a dislocation bowing between pinning points.7 An important

difference is that for the bowing dislocation this effect

depends on the material’s Poisson’s ratio, whereas the effect

considered here is relatively insensitive to the Poisson’s ratio.

Furthermore, among the many structures considered here,

only isolated dipoles have a non-zero b at zero stress. All

other structures give zero b at zero stress. This difference

between isolated dislocation dipoles and multipolar structures

could be particularly important when considering the fatigue

microstructures of veins and persistent slip-bands.

Both our previous model for a pinned dislocation7 and

that presented here show a strong dependence on the applied

stress r. Unfortunately, there have been few experiments to

measure how b depends on the stress applied to the sample,

with the exception of the work of Hikata et al.1 The methods

they used on uniaxially strained samples could be easily

extended to single and polycrystalline samples at various

stages of their fatigue life. We hope more experiments will

be conducted in the future to measure the effect of externally

applied stress on acoustic non-linearity. The comparison

between experimental data and theoretical predictions is

likely to lead to a better understanding of the fundamental

mechanics of acoustic nonlinearity and possibly a method to

extract more information about the types of dislocation pat-

terning in the sample.

A major conclusion of this work is that b depends not

only on the number of the dislocations, but also on how they

are arranged spatially. DD simulations are particularly well

suited for predicting the acoustic nonlinearity from large dis-

location structures for which analytic solutions are difficult

to find. Our longer term goal is to use 3-dimensional DD

simulations to predict acoustic nonlinearity due to more real-

istic dislocation microstructures typically found in metals af-

ter uniaxial or cyclic plastic deformations.
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APPENDIX: DERIVATION OF b FROM AN ISOLATED
DISLOCATION DIPOLE

Following the technique presented in Ref. 7 to solve for

the acoustic nonlinearity, Eqs. (3) and (4) are substituted into

Eq. (2) to give

r ¼ l�dis

4ph2XKRð1� �Þ þ
l�dis2

8pbh3X2K2Rð1� �Þ

� l�dis3

8pb2h4X3K3Rð1� �Þ
þ Oð�dis4Þ: (A1)

Taking a series reversion to express �dis as a function of

r yields

�dis ¼ 4ph2XKRð1� �Þ
l

r� 8p2h3XKR2ð1� �Þ2

l2b
r2

� 64p3h4XKR3ð1� �Þ3

l3b2
r3 þ Oðr4Þ: (A2)
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In addition to the strain due to dislocation motion, the

applied stress creates an elastic lattice strain that can be

expressed as

�lat ¼ @u1

@x2

¼ 1

A66

r� 1

2

A666

A3
66

r2; (A3)

where A66 and A666 are the second- and third-order elastic

stiffness in Voigt notation, respectively. The total strain � is

thus the summation of the elastic lattice strain and the strain

of the dislocation

� ¼ �lat þ �dis

¼ 1

A66

þ 4ph2XKRð1� �Þ
l

� �
r

� 1

2

A666

A3
66

þ 8p2h3XKR2ð1� �Þ2

l2b

 !
r2

þ 64p3h4XKR3ð1� �Þ3

l3b2
r3 þ Oðr4Þ: (A4)

In order to measure the acoustic nonlinearity, a small-

amplitude wave is generated by an ultrasonic transducer.

The dynamic propagation of the wave can be ignored,

because inertial effects on the dislocations will be negligible

in the frequency range of interest (0.1–100 MHz) and

because the stresses created by the transducer is very small.

The system can instead be modeled using a quasi-static load-

ing assumption; the assumption has been used in previous

analytical models and greatly reduces the complexity of the

simulations.7,8 The transducer creates a small oscillatory

stress of amplitude Dr in addition to the static stress r. At

equilibrium, an additional strain D� is created in response to

the change in stress. This can be represented as

Dr ¼ @r
@�

D�þ 1

2

@2r
@�2
ðD�Þ2 þ � � �

¼ @�

@r

� ��1

D�� 1

2

@2�

@r2

@�

@r

� ��3

ðD�Þ2 þ � � �; (A5)

where the derivatives of � can be derived from Eq. (A4). It

can be shown from Eq. (A5) that the total acoustic nonlinear-

ity parameter btotal is

btotal ¼ @2�

@r2

@�

@r

� ��2

¼

�A666

A3
66

� 16p2h3XKR2ð1� �Þ2

l2b2
þ 384p3h4XKR3ð1� �Þ3

l3b2

1

A66

þ 4ph2XKRð1� �Þ
l

� �2
þ Oðr2Þ: (A6)

In most cases

4h2pXKRð1� �Þ
l

� 1

A66

: (A7)

Equation (A6) can thus be simplified to

btotal ¼ �A666

A3
66

þ 16p2h3XKR2ð1� �Þ2A2
66

l2b
þ 384p3h4XKR3ð1� �Þ3A2

66

l3b2
rþ Oðr2Þ; (A8)

where A666/A66 is the lattice contribution to btotal. A666/A66 is

invariant over the range of interest and will henceforth be

omitted. After removing the lattice contribution and recog-

nizing that A66 is simply the shear modulus l in an isotropic

medium, the dislocation component of b is

bdis ¼�16p2h3XKR2ð1� �Þ2

b
þ 384p3h4XKR3ð1� �Þ3

lb2
r

þ Oðr2Þ (A9)

which is identical to Eq. (5).
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