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Dislocation dynamics �DD� simulations are used to investigate the acoustic nonlinearity created by
dislocations in crystals. The acoustic nonlinearity parameter, �, is quantitatively predicted for a
single dislocation bowing in its glide plane between pinning points under a quasistatic loading
assumption using DD simulations. The existing model using a constant line energy assumption fails
to capture the correct behavior of � for edge dislocations in materials with a nonzero Poisson’s ratio.
A strong dependence of � on the orientation of Burgers vector relative to the line direction of the
dislocation is shown by the DD simulations. A new model using an orientation-dependent line
energy is derived for the cases of initially pure edge and screw dislocations. The model is shown to
agree with the DD simulations over a range of Poisson’s ratio and static stresses. © 2011 American
Institute of Physics. �doi:10.1063/1.3530736�

I. BACKGROUND

Nonlinear ultrasonics is a technique that can be poten-
tially used to nondestructively monitor plastic deformation or
fatigue damage in metallic crystals.1,2 An initially sinusoidal
ultrasonic wave is passed through the material and the mag-
nitude of the second harmonic response is measured. The
results are commonly expressed in terms of the acoustic non-
linearity parameter, �, which can be defined in terms of ex-
perimentally measurable quantities as

�meas =
8A1

k2A2
2x

, �1�

where k is the wave number, x is the propagation distance of
the ultrasound, and A1 and A2 are the measured displacement
amplitudes of the first and second harmonics, respectively.
The importance of � can be easily illustrated in the one-
dimensional nonlinear wave equation:

�2u

�t2 = c2�1 − �
�u

�x
� �2u

�x2 , �2�

where c is the infinitesimal-amplitude wave speed and �u /�x
is the displacement gradient. When � is zero, the equation
reduces to the linear wave equation.

Originally, nonlinear ultrasonics was used to study ma-
terials that have been subjected to uniaxial loading1 but over
the past two decades a significant interest in using nonlinear
ultrasonics to detect fatigue damage has arisen. � is found to
grow in magnitude with the number of load cycles until fail-
ure in single and polycrystalline metals and alloys.2,3 Thus,
nonlinear ultrasonics has the potential to monitor the entire
fatigue life. This is a significant improvement over tradi-
tional techniques that rely on the detection of macrocracks.4

Unfortunately, the underlying mechanisms giving rise to the
increase in � are not well understood. The anharmonicity of
the crystal itself leads to nonlinearities but for the range of

deformations considered its contribution to � essentially re-
main constant.1 As a material deforms plastically under
uniaxial or cyclic loading there are microstructural changes
associated with the growth and patterning of dislocations.
The interaction of the ultrasonic waves with the dislocations
is thought to be the cause of the variation in �. Proposed
analytical models include a dislocation segment bowing be-
tween pinning points in its glide plane and the oscillation of
two dislocations in a dipole.3,5 These two dislocation effects
have served as the foundation of more advanced models.6–8

However, the relative weights of these effects have not been
conclusively determined. There has yet to be any direct com-
parison of � calculated using these models to experiments,
because of the complexity of real dislocation structures. Not
understanding the mechanisms makes it impossible to quan-
titatively predict � or how a given value of � relates to the
damage in the material. Dislocation dynamics �DD� simula-
tions are already being used to study the dislocation micro-
structure evolution in uniaxial and cyclic loading
conditions9,10 but DD have yet to be applied to the acoustic
nonlinearity. Thus, the goal of this paper is to use DD simu-
lations to examine the analytical models and establish DD as
a method to predict the contribution of dislocations to �.

II. SIMULATION DESIGN

The DD simulations were performed using a quasistatic
loading assumption, as opposed to modeling the dynamic
wave propagation. A series of simulations were performed
for a given dislocation structure over a range of static exter-
nal stresses. The structure was allowed to reach equilibrium
and the strain due to dislocation motion was calculated. A
relationship between stress and dislocation strain was then
derived. The deviation of this relationship from linearity is
measured by �, as explained later in this paper. The quasi-
static loading assumption has been used in previous analyti-
cal models and greatly reduces the complexity of the
simulations.5 It is valid because inertial forces on disloca-
tions can be ignored for the loading frequency applied bya�Electronic mail: wcash@stanford.edu.
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ultrasonic transducers �0.1–100 MHz� and the small stresses
applied by the transducer essentially result in a perturbation
about a given stress on the quasistatic stress-strain relation-
ship.

To be consistent with the notation used by DeWit and
Koehler,11 all the simulations performed in this paper are of a
single straight dislocation in the x-y plane with initial length
2L. Its Burgers vector b is along the x-axis and its line di-
rection � is oriented at an angle � relative to b, as shown Fig.
1. An application of a resolved shear stress results in a local
radius of curvature r.

The simulations were performed using the PARADIS

code.12 These simulations are limited to the bulk of an fcc
single crystal oriented for single slip and the dislocations are
initialized as perfect dislocations. The model assumes that
cross-slip and thermally activated climb do not occur, be-
cause of the small stresses applied by the ultrasound trans-
ducers and short time scales present in physical experiments.
The dislocation interactions will be modeled throughout this
paper using either a line-tension model or using elastic
interactions.12,13 For the case of the elastic interactions, the
dislocation will be treated as a long, straight dislocation
pinned along the majority of its length, as shown in Fig. 2, to
avoid terminating the dislocation inside the crystal and to
include the interaction forces of remote segments. Additional
simulation parameters are provided in subsequent sections
for individual cases.

III. CONSTANT LINE TENSION MODEL OF HIKATA ET
AL.

A. Model construction

The model developed by Hikata et al. was the first to
employ the quasistatic loading assumption for the bowing
dislocation line.5 For the past four decades, it has been the
widely accepted model for the acoustic nonlinearity arising

from the self-interaction of a single dislocation. Only a brief
description of this model is given here; the reader is referred
to the detailed derivation given by Cantrell.14 However, a
trivial deviation from previous derivations has been made
here to consider a shear wave passing though the material as
opposed to a longitudinal wave; this only simplifies the no-
tation.

A line-tension approximation is used to represent the
shape of the dislocation bowing between pinning points un-
der an applied stress �. The line-tension T is assumed to be
constant regardless of orientation, T=�b2 /2. Therefore,
screw and edge dislocations possess the same line energy,
and the equilibrium shape is that of a circular arc with a
constant radius of curvature. The area swept by the disloca-
tion can be expanded in a series approximation to yield an
expression for dislocation strain in terms of powers of ap-
plied stress �

�dis =
2

3

�	disL2R3

�
� +

4

5

�	disL4R3

�3b2 �3, �3�

where 	dis is the dislocation density, � is the shear modulus,
R is an orientation factor between the applied stress and the
resolved shear stress, and � is conversion factor between
shear strain in the slip direction and measured strain.

The elastic strains of the lattice can also be expressed as
a series in terms of �

�lat =
�u1

�x2
=

1

A66
� −

1

2

A666

A66
3 �2, �4�

where A66 and A666 are the second and third-order elastic
stiffnesses in Voigt notation, respectively. In an elastically
isotropic material A66 is simply the shear modulus �. The
total strain15 � is thus the summation of the elastic lattice
strain, �lat, and the strain caused by the dislocation, �dis

� = �lat + �dis = � 1

�
+

2

3

�	disL2R3

�
�� −

1

2

A666

�3 �2

+
4

5

�	disL4R3

�3b2 �3, �5�

where A66 has been replaced with �. The ultrasonic wave
creates a small oscillatory stress of amplitude 
� in addition
to the static stress �, which in turn causes an additional strain

�. This can be represented as


� =
��

��

� +

1

2

�2�

��2 �
��2 + ¯

= � ��

��
�−1


� −
1

2

�2�

��2� ��

��
�−3

�
��2 + ¯ , �6�

where the derivatives of � can be derived from Eq. �5�. It can
be shown from Eq. �6� that the total acoustic nonlinearity
parameter �total is

y

x

b
ξ

L

L

α

FIG. 1. Schematic of model design. Initially straight dislocation segment of
length 2L in the x-y plane with a Burgers vector b along the x-axis. The
dislocation is oriented along the line direction � at an angle � relative to the
x-axis.

2L

∞ ∞

FIG. 2. Infinitely long, straight dislocation pinned along majority of its
length modeled by the elastic interaction DD simulations.
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�total =
�2�

��2� ��

��
�−2

= �−
A666

�3 +
24

5

�	disL4R3

�3b2 ��
�� 1

�
+

2

3

�	disL2R3

�
�−2

. �7�

In most cases

2

3

�	disL2R3

�


1

�
. �8�

�total can then be simplified to

�total = −
A666

�
+

24

5

�	disL4R3

�b2 � , �9�

where A666 /� is the lattice contribution, which is essentially
invariant over the range of interest and will henceforth be
omitted. The contribution of dislocation monopoles to the
acoustic nonlinearity, �dis, can then be expressed nondimen-
sionally as

�dis =
24�R3

5
�	disb2��L

b
�4��

�
� , �10�

where 	disb2, L /b, and � /� correspond to nondimensional
dislocation density, length, and stress, respectively.

B. Comparison with elastic interaction DD simulations

If the applied stress is chosen to act directly on the slip
system of the dislocation and the strain is measured relative
to the slip direction, � and R will both be unity. For this
special case, Eq. �10� can be expressed as

�dis

�	disb2�
=

24

5
�L

b
�4��

�
� , �11�

where �dis has been divided by the nondimensional density
in the material.16 The analytical model can now be compared
with an elastic interaction DD simulation of a pinned dislo-
cation of nondimensional length, L /b, of 1000 between two
pinning points. The Poisson’s ratio, �, is chosen to be 0.40, a
reasonable value for engineering metals.

The first equality in Eq. �7� shows that �dis can be cal-
culated from DD by taking the first and second derivatives of
the dislocation strain with respect to stress about the equilib-
rium stress �

�dis =
�2�dis

��2 � ��

��
�−2

=
�2�dis

��2 � 1

A66
+

��dis

��
�−2

� �2�2�dis

��2 ,

�12�

where again, the dislocation contribution ��dis /�� to �� /��
is minuscule.17 Therefore, a series of constant-stress simula-
tions were performed to determine the equilibrium disloca-
tion strain �dis. �2�dis /��2 was then found using a central
difference scheme.

The results in Fig. 3�a� highlight the disagreement be-
tween the Hikata et al. model and the DD simulations using
the PARADIS program.12 The deviation from the linear rela-
tionship of �dis and � predicted by the model is most dra-
matic for the edge dislocation with a negative �dis at small
stresses.

C. Comparison with line energy DD simulations

In order to simplify the DD simulations and better evalu-
ate the analytical model, a series of simulations using an
orientation-dependent line energy model were performed.13

A comparison of these simulations and the analytical results
are shown in Fig. 3�b� for pure edge and screw monopoles
over a range of Poisson’s ratios � and �.18 When � is small,
the results agree well for both screw and edge if � is close to
zero. When � is small, screw and edge dislocation have ap-
proximately the same line energies and their behavior should
be adequately captured by the constant line-tension model
used by Hikata. However, when � is increased the line en-
ergy DD predictions deviate from the Hikata model, with
that of the edge taking on a wildly different shape for �
greater than approximately 0.2. Unfortunately, most engi-
neering metals and alloys possess Poisson’s ratios in the
range of 0.2–0.4. In materials with a large Poisson’s ratio,
screw and edge dislocations have vastly different line ener-
gies and the assumption that the dislocation bows out in a
circular arc �as predicted by the Hikata model� may no
longer be valid. These results indicate that the orientation-
dependence of the line energy may significantly affect the
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FIG. 3. Comparison of DD simulations with the model of Hikata et al.
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acoustic nonlinearity. It is thus desired to develop an analyti-
cal model to examine whether the orientation-dependence of
the line energy is indeed responsible for the discrepancies
observed here.

IV. VARIABLE LINE-ENERGY MODEL

The previous section suggests that assuming the disloca-
tion line energy to be constant may be an oversimplification
with serious consequences. The major difficultly that arises
when moving to a variable line-tension is that the shape of
the bowed dislocation can no longer be described by a
simple circular arc with constant radius of curvature. The
equilibrium shape of a bowing monopole under an arbitrary
load was solved by DeWit and Koehler by balancing the
work done by the external stress and the change in the self-
energy of the dislocation.11 The equilibrium shape of a dis-
location loop under an external stress � with Burgers vector b
along the x-axis can be parameterized in terms of the local
line orientation �

x =
1

�b
	E���sin � +

dE

d�
cos �
 , �13�

y =
1

�b
	E���cos � −

dE

d�
sin �
 � � �0,2�� . �14�

The orientation-dependent line energy E��� is commonly ex-
pressed as

E��� =
�b2

4��1 − ��
�1 − � cos2 ��ln� ro

ri
� , �15�

in an isotropic elastic medium, where ro and ri are the outer
and inner cutoff radii, respectively.19 A numerical implemen-
tation of this model is employed in the aforementioned line
energy DD simulations.13 For comparison with the Hikata et
al. model, ln�ro /ri� is approximated as 2� and we can define

M =

�b2 ln� ro

ri
�

4��1 − ��
=

�b2

2�1 − ��
�16�

and rewrite Eq. �15� as

E��� = M�1 − � cos2 �� . �17�

Thus, in the case of �=0, Eq. �17� simplifies to the constant
line energy, �b2 /2, as used in the Hikata et al. model.

Evaluating Eqs. �13� and �14� with the line energy de-
fined in Eqs. �16� and �17� yields

x̂ �
�bx

M
= C sin � + D sin 3� , �18�

ŷ �
�by

M
= U cos � + V cos 3� , �19�

where

C = 1 +
�

4
; D =

�

4
; U = 1 −

5�

4
; V =

�

4
. �20�

This defines the parameterized curve for the generalized
equilibrium shape of the dislocation loop, as shown in Fig. 4
for �=0.33. Although the curve may appear nearly elliptical,
any such approximation should be avoided because the er-
rors in the shape of the curve will be amplified in the deriva-
tives of Eq. �7� to find �total. The deviation from ellipticity
becomes apparent at Poisson’s ratios approaching 0.5. In the
case of �=0, the dislocation loop simplifies to a unit circle in
the x̂ , ŷ coordinate system.

The unstable equilibrium shape of any dislocation at ac-
tivation can be found by passing a line through the origin at
an angle �, as shown in Fig. 5�a�, where � is the angle
between the Burgers vector and the initial line direction. The

ŷ

x̂

1

1 − ν

b

FIG. 4. Equilibrium shape of dislocation loop for �=0.33 in scaled
coordinates.
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x̂

1

1 − ν

α

b

ŷ
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1

1 − ν

α

b

(b)(a)

FIG. 5. Curve of an arbitrary pinned dislocation under a resolved shear stress from the equilibrium shape of a dislocation loop using variable line energy.
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shape of the deformed dislocation prior to activation can be
found from the generalized curve by shifting the line along
its normal, as shown in Fig. 5�b�.

The strain caused by dislocation motion can again be
related to the area swept out by the dislocation. The area can
be found for an arbitrary dislocation using Eqs. �18� and
�19�, but for simplicity only initially pure edge and screw
dislocations will be considered here. In these special cases,
the bowed out shape of the dislocation is symmetric with
respect to a plane normal to the initial line direction of the
dislocation and passing through its midpoint.

In the case of a screw dislocation, the x-axis is parallel to
its initial line direction and the y-axis is along the glide di-
rection. The area swept out by the screw dislocation can be
expressed as:

A = �
−L

L

y�x�dx − y�x = L�2L = 2�
0

L

y�x�dx − y�x = L�2L ,

�21�

where y is now a function of x. Evaluating this expression is
not a trivial matter; two different approaches will be taken in
the following two sections. The edge dislocation’s initial line
direction is along the y-direction and the dislocation bows
out in the x-direction. To simplify derivations later in this
paper, a coordinate transformation is performed so that the
edge is initially along the x-direction and glides in the
y-direction, as shown in Fig. 6�b�. The equation of the dis-
location loop in this coordinate system is

x̂ �
�bx

M
= U sin � − V sin 3� , �22�

ŷ �
�by

M
= C cos � − D cos 3� . �23�

Equation �21� can then be used to find the area swept by the
edge dislocation.

V. POWER SERIES SOLUTION

A. Model construction

In this section, the technique used by Hikata et al. to
express the strains in terms of a power series of stress is
applied to the cases of initially edge and screw dislocations

with variable line energy defined in the previous section.
This eventually leads to an expression of �dis as a power
series of stress.

The dislocation curve described in Eqs. �18� and �19� is
shifted so that the peak of the curve coincides with the ori-
gin. ŷ can approximated as a power series of x̂

ŷ�x̂� =
�

2
x̂2 +

�

4!
x̂4 +

�

6!
x̂6, �24�

where the odd powers of x̂ are obviously zero by symmetry
and higher order terms are ignored. Expanding Eqs. �18� and
�19� for an initially screw dislocation yields

� = −
1

1 + �
, �25�

� = −
3�1 + 3��
�1 + ��4 , �26�

� = −
45�1 + 6� + 13�2�

�1 + ��7 . �27�

The area in Eq. �21� can be expressed in scaled coordinates
as

Â = 2�
0

L̂
ŷ�x̂�dx̂ − ŷ�L̂� · 2L̂ = −

2

3
�L̂3 −

1

15
�L̂5 −

1

420
�L̂7.

�28�

To solve for the real area,

L̂ =
�b

M
L , �29�

Â = � �b

M
�2

A , �30�

are substituted into Eq. �28� to yield

A = −
2

3

bL3�

M
� −

1

15

b3L5�

M3 �3 −
1

420

b5L3�

M5 �5. �31�

The area swept by the dislocation is directly proportional to
the strain of the dislocation,

(b)(a)

y

x

b

θpθp

L

FIG. 6. Shape of pinned dislocations subjected to a resolved shear below the activation stress.
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�dis =
b�	dis

2L
A = −

1

3

b2L2�	dis�

M
� −

1

30

b4L4�	dis�

M3 �3

−
1

840

b6L6�	dis�

M5 �5, �32�

where again 	dis is the dislocation density. Substituting the
values of �, �, �, and M into Eq. �32� and taking �=R� as
before

�dis =
2

3

�1 − ���	disL2R

�1 + ���
�

+
4

5

�1 + 3���1 − ��3�	disL4R3

�1 + ��4�3b2 �3

+
12

7

�1 + 6� + 13�2��1 − ��5�	disL6R5

�1 + ��7�5b4 �5. �33�

Using derivations similar to that of Hikata et al. in Sec. III A,
the initially screw dislocation contribution to the acoustic
nonlinearity can then be expressed in the following nondi-
mensional form:

�s
dis

�	disb2�
=

24�1 + 3���1 − ��3�R3

5�1 + ��4 �L

b
�4��

�
�

+
240�1 + 6� + 13�2��1 − ��5�R5

7�1 + ��7b4 �L

b
�6��

�
�3

.

�34�

In the case of �=0 and the orientation factors R and � are
unity, Eq. �34� reduces to

 �s
dis

�	disb2�


�=0
=

24

5
�L

b
�4��

�
� +

240

7
�L

b
�6��

�
�3

. �35�

The first-order term is identical to Eq. �11� from the Hikata et
al. derivation. Similar analysis for an initially edge disloca-
tion described by Eqs. �22� and �23� reveals

�e
dis

�	disb2�
=

24�1 − 4���1 − ��3�R3

5�1 − 2��4 �L

b
�4��

�
�

+
240�1 − 8� + 20�2��1 − 2��7�R5

7�1 + ��7 �L

b
�6��

�
�3

.

�36�

In order to illustrate the importance of the orientation-
dependence of the line energy, the initial slope of the
� / �	disb2� as a function of � is plotted over a range of � in
Fig. 7. The differences between edge and screw dislocations
is readily apparent for nonzero Poisson’s ratios. Edge dislo-
cations are seen to have initially negative values of �dis for �
greater than 0.25, and tends toward negative infinity as �
approaches 0.5. In screw dislocations the slope is negative
for � less than �1/3. However, in subsequent analyses only
positive Poisson’s ratios will be considered.

B. Comparison with line-tension DD simulations

The newly derived analytical expression for �dis / �	disb2�
was compared with the aforementioned line energy DD
simulations, as shown for screw dislocations in Fig. 8�a� and
for edge dislocations in Fig. 8�b�. It is apparent that the
power series solution agrees with the DD simulations signifi-
cantly better than the Hikata et al. model and is able to
capture the initially negative �dis exhibited by edge disloca-
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FIG. 7. �� /�� at �=0 over a range of Poisson’s ratio.

0 0.5 1 1.5 2 2.5 3

x 10
−10

0

0.5

1

1.5

2

2.5

3
x 10

9

σ/μ

β
/(

Λ
b

2
)

ν=0 sim.

ν=0 model

ν=0.05 sim.

ν=0.05 model

ν=0.25 sim.

ν=0.25 model

ν=0.30 sim.

ν=0.30 model

0 0.5 1 1.5 2 2.5 3

x 10
−10

−1

−0.5

0

0.5

1

1.5

2

2.5

3
x 10

9

σ/μ

β
/(

Λ
b

2
)

ν=0 sim.

ν=0 model

ν=0.05 sim.

ν=0.05 model

ν=0.25 sim.

ν=0.25 model

ν=0.30 sim.

ν=0.30 model

(b)(a)

FIG. 8. Comparison of orientation-dependent, line energy DD simulations with the power series model.
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tions in materials with large Poisson’s ratios. The power se-
ries model agrees well for screw dislocations for any � and
for edge dislocations with ��0.25. However, for the case of
edge dislocations in materials with large �, the model is only
able to roughly predict the general trend at small stresses.
This is a consequence of using a truncated power series ex-
panded about zero stress.

VI. IMPLICIT SOLUTION

A. Model construction

In order to avoid the shortcomings of the power series
solution at high stress values, the area of the bowed out
dislocation in Eq. �21� must be not be approximated. How-
ever, this integral cannot immediately be evaluated because x
and y are expressed in terms of the parameter �. Therefore,
the area for initially edge or screw dislocations is now ex-
pressed in terms of � as

A��,�p� = 2�
0

�p

y���
dx

d�
d� − y�� = �p�2L , �37�

where �p is the angle at the pinning point, as shown in Fig.
6�a�. This equation is only valid for initially pure edge and
screw dislocations, because of their aforementioned symme-

try. It addition, it holds true only if E���+d2E��� /d�2�0,11

because the angle � must increase monotonically from the
midpoint to the pinning point.20

Equation �37� expresses A as a function of the applied
stress � and �p. But, � can be expressed as a function of �p by
evaluating Eq. �18� at x=L and �=�p and solving for �. After
substituting �=R� the resolved shear stress � can be ex-
pressed as

�s��p� =
1

2
,
�1 + � cos2 �p�sin �pRb�

L�1 − ��
, �38�

for an initially screw dislocation. In the case of an initially
edge dislocation, the same steps can be performed to Eq.
�22� to yield

�e��p� =
1

2

�1 − � − � cos2 �p�sin �pRb�

L�1 − ��
. �39�

Substituting the results of Eqs. �18�, �19�, and �38� into Eq.
�37� gives an expression for A as a function of �p for an
initially screw dislocation

As��p� =
− L2� 1

2sin 2�p�8�2 cos4 �p − �10�2 − 16��cos2 �p + ��2 − 24� + 8�� + �p��2 + 8� − 8��
8R2 sin2 �p�� cos2 �p + 1�2 . �40�

For an initially edge dislocation, Eqs. �22�, �23�, and �39� can be substituted into Eq. �37� to yield

Ae��p� =
− L2�sin �p�8�2 cos5 �p + ��6� − 16�cos3 �p − �15�2 − 8� − 8�cos �p� + �p��2 + 8� − 8��

8R2 sin2 �p��2 cos4 �p + 2��� − 1�cos2 �p + �2 − 2� + 1�
. �41�

The dislocation strain �dis can then be expressed as21

�dis��p� =
b�	dis

2L
A��p� . �42�

Knowing �dis allows �dis to be expressed as

�dis��p� =
�2�dis

��2 � ��

��
�−2

, �43�

where � is the total strain. Because �dis is expressed as a
function of �, the derivatives in Eq. �43� must be evaluated
as

��

��
=

��dis

��
+

1

�
=

��dis

��p
� ��

��p
�−1

+
1

�
, �44�

�2�dis

��2 =
�2�dis

��p
2 � ��

��p
�−2

. �45�

Substituting the solutions of Eqs. �44� and �45� into Eq. �43�
solves for �dis as a function of �p.

Thus, an implicit solution for �dis as a function of ap-
plied stress � can be formed by Eq. �38� or Eq. �39� and Eq.
�43� in terms of the parameter �p for initially screw or edge
dislocations, respectively.

B. Comparison with simulations

As expected, the implicit solution exactly agrees with
the orientation-dependent line energy DD simulations to
within the error introduced by the discretization of the dislo-
cation �not shown�. However, special consideration is re-
quired to accurately compare the implicit solution with fully
elastic DD simulations. The tension factor M of the variable
line energy must be scaled, because the exact value of
ln�ro /ri� is unknown for an arbitrary dislocation shape. Thus,
the assumption that ln�ro /ri� is simply 2� is no longer used.
The elastic DD results cannot be simply scaled to match the
implicit model because the solution of Eq. �43� has a non-
trivial dependence on M. Thus, Eq. �16� can be rewritten as
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M =
�b2

4��1 − ��
t , �46�

where t is scale factor that is found by fitting the activation
stress of the line-tension model with that of the elastic inter-
action DD simulation for a single value of �. This same
value of t is then applied to the implicit model for all other
Poisson’s ratios. The model closely agrees with the elastic
DD simulations for any value of � for initially screw dislo-
cations, as shown in Fig. 9�a�. For initially edge dislocations,
the model also accurately predicts �dis for ��0.25 �not
shown� and only slightly exaggerates the magnitude �dis at
small applied stresses for ��0.25, as shown in Fig. 9�b�.
This deviation may be a result of the finite core radius or
discretization of the DD simulations.

The implicit model offers a significant improvement
over the Hikata et al. and the power series solution. It con-
firms the importance of the orientation-dependence of line
energy and the necessity of accurately calculating the area
swept by a dislocation in calculating the ultrasonic nonlin-
earity parameter �. The elasticity DD simulations are sensi-
tive to the orientation of the remote pinned segments, which
cannot be captured by a line-tension model. However, ini-

tially screw dislocations are only marginally affected. Al-
though the implicit solution for �dis is lengthy, the solution
process is conceptually simple and can be easily evaluated
using a computer program.

VII. LENGTH DEPENDENCE OF �dis

The proposed models can also be used to predict how �
depends on the distance between the pinning points. The
first-order and third-order terms of the power series solution
in terms of � in Eqs. �34� and �36� depend on �L /b�4 and
�L /b�6 for a constant dislocation density, respectively. For
stresses well below activation, � is predicted to depend on
�L /b�4 for screw and edge dislocations. This was verified
using the implicit model for the case of �=0.30 and an ap-
plied shear of � /�=3.7�10−5. The �L /b�4 scaling is clearly
exhibited by screw dislocations for lengths well below the
critical value for Frank–Read source activation, as illustrated
in Fig. 10�a�. � tends to infinity at lengths approaching the
activation length. Figure 10�b� reveals this is also the case
for edge dislocations, but the deviation from �L /b�4 occurs at
smaller lengths. The cusp in Fig. 10�b� is a result of � chang-
ing sign for edge dislocations; � is negative lengths smaller
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than the cusp, but the absolute value is taken for the loga-
rithmic plot. Thus, � scales with �L /b�4 for lengths with
negative � values. However, the scaling is �L /b�6 for posi-
tive values of � at lengths below the activation length. It
should be noted that this behavior is only observed for edge
dislocations where � changes sign; For ��0.25 the results
for edge dislocations qualitatively resemble those of screw in
Fig. 10�a�.

VIII. COMPARISON WITH PREVIOUS EXPERIMENTS

One of the main predictions of this work is that the dis-
location contribution to acoustic nonlinearity, �dis, can be
negative. However, existing experiments only measure the
amplitude of �, and provide no information on its sign. As-
suming that the lattice contribution to acoustic nonlinearity,
�lat, is positive, a negative �dis would lead to a decrease in
the measured � with increasing stress. Unfortunately, there
have been few experiments to measure how � depends on
the applied stress, with the notable exception of the original
papers by Hikata et al.1,5

For an unannealed sample, Hikata et al.5 show a linear
increase in � until attenuation becomes significant. Notably
different behaviors are observed in their annealed samples,
some of which have undergone plastic deformation before
the acoustic measurement. All of these samples show an ini-
tial decrease in �, which is inconsistent with the constant
line-tension model. Hikata et al. tried to explain this discrep-
ancy in terms of internal stresses caused by the plastic defor-
mation. This argument would lead to the prediction that �
will increase with applied stress after the magnitude of the
applied stress exceeds the internal stress. However, this is
inconsistent with the data for the annealed sample that had
not undergone any plastic deformation, as well as samples
subjected up to 200 g /mm2 stressing. In these cases, � de-
creased over the entire range of applied stress. In contrast,
these results can be naturally explained in terms of the nega-
tive dislocation contributions to �.

The drastically different behavior after annealing indi-
cates a significant change in dislocation microstructures. It is
known that annealing reduces dislocation density and pro-
motes the formation of stable dislocation structures.22,23 An
isolated dislocation monopole, considered by Hikata et al.
and this work, is likely a better model for the microstructure
after annealing. Hence, the observed decrease in � with
stress in annealed fcc samples strongly supports the proposed
orientation-dependent line energy model.

A dislocation monopole is only one of the proposed mi-
crostructures that contribute to acoustic nonlinearity. Another
well-studied microstructure is a dislocation dipole.3,6 It is
predicted that a dislocation dipole has a positive contribution
to � at zero applied stress, while the monopole contribution
is zero. Therefore, it is reasonable to expect that the magni-
tude of contribution from dislocation dipoles to the experi-
mentally measured � should be significantly larger than that
from dislocation monopoles in materials under no applied
stress. Hence, the decrease in � by irradiation24 can be ex-
plained by the reduction in dipole contribution to beta, which
is caused by the immobilization of dislocation dipoles.

Furthermore, care should be taken when comparing the
predictions of monopole models with experimental measure-
ments of fatigued samples.3,25–27 Many of these experiments
are performed on single crystals, whose microstructure is
expected to be primarily composed of edge dislocation
dipoles.4 Therefore, dipole interactions should be the pre-
dominant dislocation mechanism that contributes to �, espe-
cially at zero applied stress.

IX. CONCLUSIONS

The model developed in this paper using an orientation-
dependent line energy offers a significant improvement over
the existing model using a constant line-tension. The agree-
ment of the analytic solution of this model with DD simula-
tions using elastic interactions verifies its accuracy and es-
tablishes the utility of DD simulations for studying �. DD
simulations will allow for studying dislocation structures be-
yond the scope of analytical models and capture � as the
structures evolve.

It is shown for the first time that a dislocation’s contri-
bution to � can be of opposite sign for a given stress state
depending on the character angle of the dislocation, the dis-
tance between pinning points, and the Poisson’s ratio of the
material. The negative values of � can be quite significant
for pure edge dislocations in materials with large Poisson’s
ratios. This is particularly important in fcc engineering met-
als, because edge dislocations are dominant in their fatigued
microstructures. This allows for the cancellation of different
contributions to �, such as that of the lattice or dislocation
dipole motion.

Although the implicit solution is significantly more ac-
curate in general, the power series solution has its own ad-
vantage. The simplicity of the power series solution allows
one to easily predict when dislocations will have initially
negative values of �, as shown in Fig. 7. Equations �34� and
�36� also reveal that � is expected to scale with �L /b�4 for
stresses well below the activation stress. This suggests that �
could be possibly be used as a measure of the length distri-
bution of dislocation segments between pinning points.
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