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Problem 4.1 (15’) Spherical inclusion.

(a) Derive the expressions for the auxiliary tensor D;;; for a spherical inclusion in an isotropic

medium with shear modulus 1 and Poisson’s ratio v.

| Hint: many components of D;;j; are zero, unless there are repeated indices. |

(b) Derive the corresponding expressions for Eshelby’s tensor Sjp.

Solution

(a) The auxiliary tensor inside the inclusion can be expressed in terms of the following surface

integral (see lecture notes),

abc m sin
z]kl = ——/ / ZZ ij Zk Z] ﬁ de do

where

g = )\/k::\/(a2C082@—|—b281n2@)sin2(l>+czcos<1>
z = k/k=(sin®cosO,sinPsinO,cosO)

For a sphere a = b = ¢ and 8 = a. Therefore,

2T
z]kl—_—/ / 22); zkzl sin ® dO© d®
For isotropic material, (zz);j has an explicit form, so that,
1 (" (1 A
Dij;i = ——/ / — (52-]- — )\—FLZM Z zj) 2z 2 sin® de do

)\+Iu
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We can write the three components of z in terms of ® and ©

z1 = sin ® cos © 29 = sin ® sin © z3 = cos®
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Let us consider the first integral

T 27
Hy = / / 2z, 2 sSin® dO do
0o Jo

This integral will be zero if k # [. By symmetry, Hy; = Hos = H3zz. Hss is the simplest to
evaluate in the present form, i.e.,
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Therefore,
47
Hy = ?51@1 (7)

Now let us consider the second integral,

™ 2
Jijhl = / / 2 2jz 2 sin ® dO© d®
0o Jo

The J;ji is non-zero only if the indices are all the same, or come in pairs. There are two
types of terms,

™ 2T 4
‘]1111 = J2222 = J3333 = / / COS4 @sm@d@ dd = Eﬂ- (8)
o Jo
and Ji122 = Jii33 = Joggz = Jioiz = . ..
T 27 4
Ji133 = / / cos® @ sin® & dO dP = -
Thus we can write Ji;i; as
47
Jijrl = 1—5(5ij5kl + 601 + 0idjk) (9)
The auxiliary tensor Djjy; is
1 A+
Diitg = —— | 0;: Hyy — ———J;; 10
Jkl 4’71',[,& < J ALkl \ T 2# ]kl) ( )
Substituting the solutions for Hy; and J;ji;, we have
1 A+
Diju = "o (55ij5kl - ﬁ (0ij0rt + Oirdj1 + 5il5jk))
1 1
= —@ (1051J5kl — :(51](5]6[ + 5ik(5jl + 511(5];6))
1
= —m [(9 — 1OV)5ij5kl — (6,-k6jl + 515(5]/0] (11)



: A
using the fact that A;M = 2(11—1/)'

(b) The Eshelby’s tensor S;;i; is related to the auxiliary tensor D,k through,

1
Sijmn = _EClkmn(Diklj + Dji)

For isotropic medium,
thus,

A
Sijmn = _E(Dikkj + Dok ) Omn — g(Dinmj + Djnmi + Dimnj + Djmni)

When D;jy, is given in Eq. (11), it satisfies both major and minor symmetries, i.e. D =
Dklij = Ljikl — ,Dijlk:‘ Thus,

Sijmn = —ADikkiOmn — (Dinmj + Dimnj) (13)
Noticing that
Diss =~y (14)
A= 12—w;1/ (15)
ADij = —3(1—”_V)5ij (16)
Thus
S = Frrgyltm+ m (9 — 100)6,564 — (b + 66
- ﬁ@j&m + m[@ — 100) (Binjm + Gimbjn)
—(0imOin + 0550mn + 0in0jm + 05j0mn)]
- m[(my — 2)8i30m + (9 — 100 — 1)(Baum + Gimyn)]
- %MW + %(@n@m T binbin) (17)
Problem 4.2 (15’) Dilation field.
The “constrained” dilation of a transformed inclusion (not necessarily ellipsoidal) is,
e = [ oim)Gix — x)as(x)
0
= —/V 03 Gigin(X — x')dV (x') (18)
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(a) Show that if ef; = ed;; (pure dilational eigenstrain), then in isotropic elasticity the
constrained dilation is constant inside the inclusion and independent of inclusion shape.

(b) What is g, inside the inclusion in terms of €7

Hint: The Green’s function G;;(x) can be expressed in terms of second derivatives of R = |x|.

1 ) 1
Gij(X) = % ijV R — m&@]{
Notice that
2
2R - =
v R
1
V2E = —47T(5(X)
Solution

In the case of
e;; = €0ij
the eigenstress is
0k = Crjmn€mn = € Crjmm
where
Clrjmm = AOkjOmm + 210km0im = (3N + 2/1) 0y,
Hence,

O'Zj = 8(3/\ + 2#)5@‘

Substituting this into the equation for constrained dilatation
w, = — / 07, Giyan(x — x) AV ()
» VO
Vo

Notice that
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2(1 —v) R

1
Gij (X) = % [5in,kk -
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Therefore,

1 1
Gijii(x) = o |:5in7kkij - mR,mj}
1 1
= % [Rklm - mR,iﬁj}
- 16mp(l —v) "
B 1—2v 52
- 16mu(l—-v) R
1—-2v
— 16mu(l —v) [=8md(x)
1—-2v
= Taui—n'™
In other words,
1—-2v
Gijij(x—x) = —MCS(X —x)
Hence when x is inside V),
1—-2v
ui, = (BN +2u) ——d(x — x') dV (X'
= g s V()
1-2v
= 2 —_—
e(3\ + N)Qu(l —
%
B 61 —v

When x is outside V{, the constrained dilation field must be zero.
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