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Problem 4.1 (15’) Spherical inclusion.

(a) Derive the expressions for the auxiliary tensorDijkl for a spherical inclusion in an isotropic
medium with shear modulus µ and Poisson’s ratio ν.
[ Hint: many components of Dijkl are zero, unless there are repeated indices. ]

(b) Derive the corresponding expressions for Eshelby’s tensor Sijkl.

Solution

(a) The auxiliary tensor inside the inclusion can be expressed in terms of the following surface
integral (see lecture notes),

Dijkl = −abc

4π

∫ π

0

∫ 2π

0

(zz)−1
ij zk zl

sin Φ

β3
dΘ dΦ (1)

where

β = λ/k =
√

(a2 cos2 Θ + b2 sin2 Θ) sin2 Φ + c2 cos Φ (2)

z = k/k = (sin Φ cos Θ, sin Φ sin Θ, cos Θ) (3)

For a sphere a = b = c and β = a. Therefore,

Dijkl = − 1

4π

∫ π

0

∫ 2π

0

(zz)−1
ij zk zl sin Φ dΘ dΦ (4)

For isotropic material, (zz)−1
ij has an explicit form, so that,

Dijkl = − 1

4π

∫ π

0

∫ 2π

0

1

µ

(
δij −

λ + µ

λ + 2µ
zi zj

)
zk zl sin Φ dΘ dΦ

= − 1

4πµ

∫ π

0

∫ 2π

0

(
δij zk zl −

λ + µ

λ + 2µ
zi zjzk zl

)
sin Φ dΘ dΦ

We can write the three components of z in terms of Φ and Θ

z1 = sin Φ cos Θ z2 = sin Φ sin Θ z3 = cos Φ (5)
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Let us consider the first integral

Hkl ≡
∫ π

0

∫ 2π

0

zk zl sin Φ dΘ dΦ

This integral will be zero if k 6= l. By symmetry, H11 = H22 = H33. H33 is the simplest to
evaluate in the present form, i.e.,

H33 =

∫ π

0

∫ 2π

0

cos2 Φ sin ΦdΘdΦ

= 2π

∫ 1

−1

s2ds

=
4π

3
(6)

Therefore,

Hkl =
4π

3
δkl (7)

Now let us consider the second integral,

Jijkl ≡
∫ π

0

∫ 2π

0

zi zjzk zl sin Φ dΘ dΦ

The Jijkl is non-zero only if the indices are all the same, or come in pairs. There are two
types of terms,

J1111 = J2222 = J3333 =

∫ π

0

∫ 2π

0

cos4 Φ sin Φ dΘ dΦ =
4π

5
(8)

and J1122 = J1133 = J2233 = J1212 = . . .

J1133 =

∫ π

0

∫ 2π

0

cos4 Φ sin3 Φ dΘ dΦ =
4π

15

Thus we can write Jijkl as

Jijkl =
4π

15
(δijδkl + δikδjl + δilδjk) (9)

The auxiliary tensor Dijkl is

Dijkl = − 1

4πµ

(
δijHkl −

λ + µ

λ + 2µ
Jijkl

)
(10)

Substituting the solutions for Hkl and Jijkl, we have

Dijkl = − 1

15µ

(
5δijδkl −

λ + µ

λ + 2µ
(δijδkl + δikδjl + δilδjk)

)
= − 1

30µ

(
10δijδkl −

1

1− ν
(δijδkl + δikδjl + δilδjk)

)
= − 1

30µ(1− ν)
[(9− 10ν)δijδkl − (δikδjl + δilδjk)] (11)
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using the fact that λ+µ
λ+2µ

= 1
2(1−ν)

.

(b) The Eshelby’s tensor Sijkl is related to the auxiliary tensor Dijkl through,

Sijmn = −1

2
Clkmn(Diklj +Djkli)

For isotropic medium,

Clkmn = λδlkδmn + µ(δlmδkn + δlnδkm) (12)

thus,

Sijmn = −λ

2
(Dikkj + Djkki)δmn −

µ

2
(Dinmj +Djnmi +Dimnj +Djmni)

When Dijkl is given in Eq. (11), it satisfies both major and minor symmetries, i.e. Dijkl =
Dklij = Djikl = Dijlk. Thus,

Sijmn = −λDikkjδmn − µ(Dinmj +Dimnj) (13)

Noticing that

Dikkj = − 5− 10ν

30µ(1− ν)
δij (14)

λ =
2µν

1− 2ν
(15)

λDikkj = − ν

3(1− ν)
δij (16)

Thus

Sijmn =
ν

3(1− ν)
δijδmn +

1

30(1− ν)
[(9− 10ν)δijδkl − (δikδjl + δilδjk)]

=
ν

3(1− ν)
δijδmn +

1

30(1− ν)
[(9− 10ν)(δinδjm + δimδjn)

−(δimδjn + δijδmn + δinδjm + δijδmn)]

=
1

30(1− ν)
[(10ν − 2)δijδmn + (9− 10ν − 1)(δinδjm + δimδjn)]

=
5ν − 1

15(1− ν)
δijδmn +

4− 5ν

15(1− ν)
(δinδjm + δimδjn) (17)

Problem 4.2 (15’) Dilation field.

The “constrained” dilation of a transformed inclusion (not necessarily ellipsoidal) is,

uc
i,i =

∫
S0

σ∗
kjnk(x

′)Gij,i(x− x′)dS(x′)

= −
∫

V0

σ∗
kjGij,ik(x− x′)dV (x′) (18)
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(a) Show that if e∗ij = εδij (pure dilational eigenstrain), then in isotropic elasticity the
constrained dilation is constant inside the inclusion and independent of inclusion shape.

(b) What is uc
i,i inside the inclusion in terms of ε?

Hint: The Green’s function Gij(x) can be expressed in terms of second derivatives of R = |x|.

Gij(x) =
1

8πµ

[
δij∇2R− 1

2(1− ν)
∂i∂jR

]
(19)

Notice that

∇2R =
2

R
(20)

∇2 1

R
= −4πδ(x) (21)

Solution

In the case of

e∗ij = εδij (22)

the eigenstress is

σ∗
kj = Ckjmne

∗
mn = ε Ckjmm (23)

where

Ckjmm = λδkjδmm + 2µδkmδjm = (3λ + 2µ)δkj (24)

Hence,

σ∗
kj = ε(3λ + 2µ)δkj (25)

Substituting this into the equation for constrained dilatation

uc
i,i = −

∫
V0

σ∗
kjGij,ik(x− x′) dV (x′)

= −
∫

V0

ε(3λ + 2µ)Gij,ij(x− x′) dV (x′)

Notice that

Gij(x) =
1

8πµ

[
δijR,kk −

1

2(1− ν)
R,ij

]
(26)
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Therefore,

Gij,ij(x) =
1

8πµ

[
δijR,kkij −

1

2(1− ν)
R,ijij

]
=

1

8πµ

[
R,kkii −

1

2(1− ν)
R,ijij

]
=

1− 2ν

16πµ(1− ν)
R,iijj

=
1− 2ν

16πµ(1− ν)
∇2 2

R

=
1− 2ν

16πµ(1− ν)
[−8πδ(x)]

= − 1− 2ν

2µ(1− ν)
δ(x) (27)

In other words,

Gij,ij(x− x′) = − 1− 2ν

2µ(1− ν)
δ(x− x′) (28)

Hence when x is inside V0,

uc
i,i =

∫
V0

ε(3λ + 2µ)
1− 2ν

2µ(1− ν)
δ(x− x′) dV (x′)

= ε(3λ + 2µ)
1− 2ν

2µ(1− ν)

= ε
1 + ν

1− ν
(29)

When x is outside V0, the constrained dilation field must be zero.
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