ME340B — Elasticity of Microscopic Structures — Wei Cai — Stanford University — Winter 2004

Problem Set 2. Elasticity in one and two dimensions

Due date: Jan 19, 2005

Problem 2.1 (10’) Elastic constants.
The elastic stiffness tensor for the isotropic medium is Cjjr = A0k + p(didj + 0dji)-
Determine the compliance tensor, S;;x;, which is the inverse of Cjjy, i.e.,

1
Cijklsklmn = 5(5zm5]n + 5m5jm) (1)
[ Hint: assume that S;;; has the form ad;;0, + 5 (0ix0j1 + 0idjk)- |

Problem 2.2 (107) 1D elasticity.
Determine the displacement, strain and stress field of a long rod of length L standing ver-
tically in a gravitational field g. Assume the rod is an isotropic elastic medium with shear
modulus p and Poisson’s ratio v.

Figure 1: A rod of length L standing vertically in a gravitational field g.

Problem 2.3 (10°) 2D elaticity.
Lets look at equilibrium in 2-D elasticity using x-y cartesian coordinates under zero body
force. Assume the 2-d body is in a state of plane stress, i.e.,

Ozg = Ozy = Oz = 0
which corresponds to a free standing thin film. The equilibrium equations reduce to

Ozz.x + Oyzy = 0 (2)

Oyyy + Oy =0 (3)



And the compatability equations reduce to

Camyy — 2€ayay T Eyyaz =0 (4)

One popular method to solve such problems is to introduce the Airy’s stress function ¢ such
that,

Oez = Puyy (5)
Oy = Qaw (6)
Ony = —Pay (7)
(a) Show that this particular choice of stress function automatically satisfies equilibrium.
(b) Assuming that Hooke’s Law is of the form
Ozz  VOyy
zr — T~ e 8
€ =7 ~ % (8)
o VO s
Cyy = % T E (9)
(1 +v)
Cxy = yT (10)
show that the compatability equation reduces to
(b,:m:mz + 2¢,mxyy + (b,yyyy =0 (11>

This is the biharmonic equation, which is often written as V4¢ = 0.
(c) What is the relation between E and the shear modulus p and Poisson’s ration v?

(d) Note that the solution of Eq.(11) does not depend on elastic constants. Let’s use this
solution to solve a very simple stress problem. Consider a square of length a under hydrostatic
pressure P. What are the stress components inside the box? (guess!) What is the stress
function ¢?
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Figure 2: A square of length a under hydrostatic pressure P.



