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1 Why I want to give this talk

e Show interesting features on the physics and math of dislocations.

e [ am impressed by the ingenious way of solving the very complex PDEs,
e.g. Cijprugy = 0.

2 Outline

1. Short review of linear elasticity (general, 3-D)
Setup of anisotropic elasticity equations in 2-D

Solve for the elastic field of an infinite dislocation line

- W N

Express the stress field of a dislocation segment (next talk)

3 Short Review of Linear Elasticity

3.1 Displacement

Point X moves to & when the continuum media is deformed. The displacement is defined as

u=xz—-X or wu=z,—-X; (i=1,2,3) (1)
When the deformation is infinitesimal, we can ignore the difference between X and z. Thus
u(z) = u(X +u) ~ u(X) (2)
3.2 Strain
Strain field, €;; is defined as following,
iy = (s ) 3)

where w; j = Ou;/0x;, therefore €;; = €;; (symmetry). When « is three-dimensional vector, u;(z) has only
3 degrees of freedom(DoF), while €;; () has 6. Since strains are defined by displacements, there must be
some relation between the components of €;;, i.e. compatibility condition,

€ijkl T €klij — €ik,ji — €jl,ik = 0 (4)

When solving elasticity problems, if the final equations are written in terms of u;(x), we don’t need to apply
this condition. However, when final equations involve ¢;; or o;;, compatibility condition becomes essential
for final solutions.



3.3 Stress
Stress field, 0;; is defined by Generalized Hooke’s Law
0ij = Cijki€rt (5)

Cijr is elastic stiffness (or constant) tensor, related to the mechanical properties of materials. Since both
€;; and o;; are symmetric, Cjjx; satifies following symmetries,

Cijkt = Cjirt = Criij = Chruji (6)
therefore it has only 21 independent components.

For cubic crystals,

Cijit = Caa(8i1651 + 6:1651) + C126;50k; — H0ij6r10ik (7)
where H = 2Cyy + C12 — Cq1, C11, C12 and Cyy are three independent elastic constants. A cubic crystal
becomes elastically isotropic when H = 0.

For isotropic materials,
Cijrt = A0ij0pr + 1(8:5051 + 9i1d) (8)

thus stress expression can be simplified as

0ij = Aepklij + 2p€q; 9)
3.4 Equilibrium Condition
The governing equation of motion is
0%u;
Tija + 05 = P55 (10)

where b is the body force and p is the mass density.
At equilibrium, 9%u;/9t? = 0, using Hooke’s Law, Eq. (5), we have
Cijki Uk, +b; =0 (11)

Solution to steady-state problems in linear elasticity is equivalent to solving the above equation together
with associated boundary and initial conditions for the displacement field wu.

4 Equations for an Infinite Dislocation Line

For an anisotropic medium whose elastic stiffness constants Cjjj; are relative to the e; — ez — es natural
crystal basis, ¢ denotes a position from origin O, a mutually orthogonal right hand basis m-n-t has been
chose to solve the problem. Thus

zt=(m -z, n x t z) (12)

Assuming
1. b; =0, i.e. there is no body force;

2. the solution of u is independent of 3, i.e. invariant along the dislocation line;



Stroh suggested a displacement field of the form,
up = Ap f(m-z+pn-z) (13)

where A is a constant vector, p is a constant and f is an arbitrary analytical function. Plugging this trial
solution into Eq. (11) gives,
{Cijr(mi + pri) (my + pru) " Ax = 0 (14)

Consider the case f” = 0, it gives a solution of constant strain field, which is impossible for dislocations.
thus

{Cijra(mi + pni) (mi + pru) Ay = 0 (15)

A nontrivial solution for A exists only if
|Cijra(mi + pri) (ma +pr)|| = 0 (16)
where || || stands for the determinant. It is a sixth-degree polynomial (with real coefficients) equation in p.

The general solution to the displacement field can be written as a linear combination of the six solutions

corresponding to p, i.e.,
6

uy, = ZDaAka fm-x+ pyn - x) (17)

a=1
where D,, are coefficients determined by the boundary conditions of the elastic problem under consideration.
To sum up, solving p enables solving A, coefficient D, are dependent on p,, and B.C. (General PDE strategy)

5 Solve for the Elastic Field of Infinite Dislocation Line

To solve the above problem, several approaches exist, including the Matrix Formalism and the Integral
Formalism. Here I will focus on the Matrix Formalism.

5.1 Solve for p and A

Eq. (18) can be rewritten as
Cijri(ms + pani)(my + pany)Aka =0 (18)

The basic idea is to convert Eq. (18) into an eigenvalue problem, which is easier to solve than the polynomial.
A new variant, vector L is introduced,

Ljo = —1;Cijri(my + pany)Aka (19)
Alternatively, by expanding Eq. (18), we have

1
Ljo = —m;iCijpi(my + pami) Ara (20)

Pa

We render Ay, and L, unique by the normalization condition

2AkaLke =1 (no sum on «) (21)
Using following notation
(ab)jr = a;Cijriby (22)
we may rewrite Eq. (19) and Eq. (20) as
(nm)jkAka + Lja = _pa(nn)jkAka (23)
(mm)jkAka = —pa(mn) jkAka + palija (24)



In terms of six-dimensional matrices, it becomes
(nm) I\ [A.| _ —(nn) 0 [A,
{(mm) Of\ Lo P —(mn) I \L, (25)

Ala

A2a

Aa _ Aka _ A3oz
{La} N {Lka} N Lla (26)

L2a

L3a

where

Multiply both sides of Eq. (25) (from left) by
_ —(nn)~! o
—(mn)(nn)"" —I

L SHEm 9 -{6

we obtain the following eigen equation,

and noting that

~Q

—
S
-

Néa =paa (28)
where ) o) oy
N=- {(mn)(nn)—l(nm) — (mm) (mn)(nn)_l] (29)

Im(ps) >0 a=1,2,3 (31)
Im(p,) <0 a=4,56
thus
pj; = Pa+3; 52 = €a+3 (Oé = 17 273> (32)

where * indicates a complex conjugation.

So far, p and A can be derived upon solving the eigenvalue problem Eq. (28). There are three useful matrices,
which will be mentioned in next section

6 3
Q=1 FAjoAia=2iY AjaAw (33)
a=1 a=1
6 3
Bjs =1 Z :l:LjaLsa =2 Z LjaLsa (34)
a=1 a=1

6 3
Sjs=1» FAjoLeq =i (Z AjoLsa — 5js> (35)
a=1 a=1

”

where 74" are used for a« = 1,2,3 and ”—" are used for a« = 4,5, 6.



For fixed Cyj; and x, the values of p, and £, are dependent on the choice of m and n; however, @, B and
S only depend on ¢!

By the way, matrix @ is intimately connected to the Green’s function, as the orientation part

Qs
(e x )= Y
5.2 Solve for D
Following equation is an admissible solution to the elasticity equilibrium problem,
1S
up = 5 E;DOLA;m In(m - x + pyn - x) (37)

a=1

We can make a cut extending from x = 0 to m - € — oo along m direction. Our convenction is such that
for m -z >0,

In(m-x+p,n-x) —In(m-x)+i0 as n-x— 0" (38)

—Inm-x)+i27 as n-x—0" (39)

The discontinuity across the cut in u; is given by

Aui=u;(m-x>0n-x=0")—u;(m-x>0n-x=0") (40)
6

=Y +4iaDa = b; (41)
a=1

Here we see that the choice of f(-) =1In(:) in Eq. (37) is important for the displacement jump condition for
a dislocation to be satisfied. Hence the solution for D, is

Dy = +Laubs (42)
where, the upper(lower) signs are used for « = 1, 2, 3 (4, 5, 6).

Hence, the displacement field solution for a pure dislocation is

6

1
U = Tm;:ﬁ:AkaLmbs In(m - x + pyn - x) (43)

6 Stress Field of Infinite Straight Line Dislocation

The stress field of an infinite straight dislocation line along direction ¢t with Burgers vector b can be explicitly
expressed in terms of the matrices @, S, B, which can be evaluated by either Stroh/Matrix formalism or
Integral formalism. The stress field can be expressed in several different but equivalent forms.

6.1 In terms of angular stress factor X,

Given the dislocation line orientation ¢, we can always find two unit vectors m and mn, such that m-n-t
form a right-handed coordinate system. Obviously, the stress field at any point & does not change if we
move point x along direction ¢. Therefore, we can require vector x to be parallel to vector m without any



loss of generality, i.e. x = |[x|m. The stress field will be inversely proportional to the distance |z| and the
proportional constant is called the angular stress factor X.

1
oy (x =|x|m) = ;Emn(m; t,b)

) ’ ]| (44)
E'n’m = %Cmnipbs {_mpSis + np(nn)i_kl [Bks + (nm)krsrs]}

6.2 In terms of Willis—Steeds formula

Through the Generalized Hooke’s law, the stress field can be expressed in terms of the displacement gradient,
which is expressed in terms of matrices ) and S through the Willis-Steeds formula

o 8uk
O'zj = CZJMTJ?[ (45)
Ouyy, 1 - )
o = ﬂﬁjsnbicijkltn {,lemk +ny [(nn) 1, (nm) - Q] et [(nn) 1. S]mk}

Again, we require the field point & to be parallel to vector m without any loss of generality, i.e. x = |x|m.
Define h = |x].
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