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Research SummaryMultiscale Approaches to Fatigue and Fracture

How would you…
…describe the overall signifi cance 
of this paper?

This paper is an effort to study 
numerically the deformation of 
a material that contains multiple 
cracks with different shapes 
and sizes, under fatigue loading 
conditions. The yield stresses were 
found and compared with the 
uncracked material. The analysis 
shows that the cracked area size 
affects the yield stress, as well as 
the crack shape and stress fi eld.

…describe this work to a 
materials science and engineering 
professional with no experience in 
your technical specialty?

The effect of different shaped 
cracks on fatigue behavior in 
metals is investigated. The cracks 
are represented as distributions 
of infi nitesimal dislocation loops. 
The stress fi eld of the cracks is 
calculated using a superposition 
principle. The simulation results 
provide an insight into the 3-D 
dislocation structure around the 
cracks and its relation to the 
crack shapes.

…describe this work to a 
layperson?

The presence of cracks 
inside materials changes their 
mechanical behavior. Since the 
plastic deformation of a material 
depends on the dislocation 
motion inside the material, and 
the dislocation motion is affected 
by the presence of the cracks, 
the investigation of the cracks-
dislocation interaction is important 
when the deformation of a cracked 
material is considered. This paper 
tries to provide an insight into this 
matter.

 In this article, the effect of different 
shape cracks on fatigue behavior in 
metals is investigated with the help of 
the discrete dislocation dynamics tech-
nique. The cracks are represented as 
distributions of infi nitesimal disloca-
tion loops. The distribution is deter-
mined by an integral equation satisfy-
ing stress-free boundary conditions 
and containing a singular kernel of the 
third type. The stress fi eld in the cracked 
domain is calculated using a superpo-
sition principle coupled with an itera-
tive technique. The derived stress fi elds 
describe the interaction between the 
cracks and the dislocations into the 
framework of dislocation dynamics. 
The simulation results provide an in-
sight on the three-dimensional charac-
ter of the dislocation structure around 
the cracks and its relation to the crack 
shapes. The effect of the cracks on the 
macroscopic yield stress is also deter-
mined for various crack sizes and 
shapes. 

INTRODUCTION

 The presence of cracks inside mate-
rials is critical for the fundamental un-
derstanding of materials behavior, es-
pecially under specifi c loading condi-
tions like fatigue. Unlike brittle materi-
als, ductile metals can fail in a fatigue 
test without any appreciable external 
stress. In general, small cracks that do 
not infl uence the strength of a ductile 
material diminish its fatigue strength. 
At the same time, the elastic fi elds as-
sociated with cracks lead to interac-
tions with other defects (like disloca-
tions) that infl uence fracture behavior, 
thereby affecting the strengthening 
mechanisms. In particular, dislocations 
in the vicinity of the crack tip play an 
important role in fracture. Many obser-
vations have shown that a dislocation 
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can either shield the crack, therefore 
preventing cracking, or open it further, 
thus enhancing the material suscepti-
bility to failure. Furthermore, disloca-
tion-free zones have been observed in 

front of the crack tip, implying the ab-
sorption of dislocations by the crack 
surface. Therefore, the problem of 
crack dislocation interaction is funda-
mental to any model of crack tip plas-
ticity, and different techniques to ex-
amine it are reported in the literature. 
For instance, using dislocation model-
ing, the stress fi eld around an internal 
crack and the image force on a screw 
dislocation were obtained.1 
 A dislocation emission criterion 
from a sharp crack tip by analyzing the 
ductile versus brittle behavior of crys-
tals was also proposed.2 An in-situ ob-
servation of the dislocation emission 
from a crack tip revealed the existence 
of a dislocation-free zone between 
crack tip and plastic zone,3 which led to 
the development of a dislocation-free 
zone model of fracture.4 In addition, 
the interactions of dislocations with 
various types of cracks were studied by 
using the conformal mapping tech-
nique, dislocation modeling method, 
and thermodynamic approach. 
 Recently, the screw dislocations 
around a radial surface crack in a circu-
lar bar5 and extended dislocations 
around a semi-infi nite crack were in-
vestigated,6 and the effect of fatigue on 
the failure of irradiated materials has 
been studied for copper alloys and pure 
iron.7,8 Furthermore, discrete disloca-
tion dynamics (DD) have been used to 
model the interaction between a sharp 
crack and dislocations.9,10 However, 
these approaches are two-dimensional 
(2-D) and do not consider complex 
loading conditions. Contrary to that ap-
proach, the approach presented here is 
three-dimensional (3-D). 
 In this article, cyclic loading condi-
tions are considered to enable the study 
of the behavior of fractured materials 
under fatigue.
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THE METHOD OF DISCRETE 
DISLOCATION DYNAMICS

 In recent years 3-D DD have been 
developed to deal with nano- and mi-
croscale phenomena involving disloca-
tions.11 The simulated 3-D space is usu-
ally a cube with edges 3–30 m that 
represents a single crystal. In DD, con-
tinuous dislocation lines or loops are 
approximated with sets of discrete 
straight-line segments. The self-stress 
of a single straight line dislocation for 
an infinite domain is known from the 
literature.12 The sum of self-stresses of 
the discrete segments represents the 
overall self-stress of the curved dislo-
cation lines. Knowing the self-stress, 
the interaction between dislocation 
segments can be calculated with the 
use of Peach–Koehler force (see Equa-
tion 1 in the Equations table) where b

i
 

represents the Burger vector and 
i
 the 

line sense of a dislocation segment i. 
The last term, F

i-self
, is the force due to 

the local interaction between the seg-
ment adjustment to nodes j and j+1. 
The total stress tensor i

total  at a given 
point is the sum of stresses from all dis-
locations, cracks, and any other inter-
nal and external agencies.
 In 3-D dislocation dynamics all 
N dislocation nodes (3N degrees of 
freedom) move simultaneously in the 
glide direction over a characteristic 
time corresponding to the time incre-
ment required for an interaction to take 
place. The result is a set of nonlinear 
differential equations governing the 
motion of the dislocation segments. 
The governing equation of glide mo-
tion for each dislocation node is a mod-
ification of Newton’s second law as 

shown in  Equation 2, where m
i
* is the 

effective mass per unit dislocation, M 
is the mobility which depends on both 
temperature T and pressure p, v

i
 is the 

glide velocity of segment i, and F
i
 is the 

glide component of the Peach–Koehler 
force.13

CRACK REPRESENTATION 
USING A SUPERPOSITION 

PRINCIPLE

 Two- and three-dimensional cracks 
can be represented with the use of a su-
perposition principle. In two dimen-
sions a distribution of edge and screw 
dislocations represents the crack, while 
in three dimensions infinitesimal dislo-
cation loops are used instead.14 In this 
work, the superposition principle is 
used to represent 3-D cracks lying on a 
z = z´ plane. The crack area is consid-
ered to be a distribution of infinitesimal 
dislocation loops each with Burgers 
vector b(b

x
, b

y
, b

z
) and infinitesimal 

area dS. A local Cartesian coordinate 
system Oxyz is defined within each 
crack in order to describe the displace-
ment field of the distribution (Figure 
1).
 The stress field of the distribution is 
obtained by differentiating its displace-
ment field, applying Hooke’s law, and 
considering only the stress components 
arising on plane z = z´ (since the crack 
plane is defined on the slip plane). The 
general form of these components is 
given in Equation 3, where K

ij
(x,x´) is 

called the kernel of the distribution and 
physically represents the tractions in-
duced on the slip plane due to an infini-
tesimal dislocation loop of unit strength. 
In general, a planar crack of any shape 
embedded in an infinite (or finite) body 
subjected to arbitrary loading will ex-
perience both opening and shearing 
mode displacements. Hence, one must 
assume a continuous distribution of in-
finitesimal dislocation loops, each of 
area dS and Burgers vector b(b

x
, b

y
, b

z
), 

along the crack faces. The tractions on 
the crack plane induced by this distri-
bution are obtained by integrating 
Equation 3 over the whole crack sur-
face.
 The superposition principle states 
that, in order to produce a traction-free 
surface, the above tractions must be 
equal and opposite to the total tractions 
t i

0( )x  caused by both internal and ex-

ternal loads. The application of this su-
perposition principle leads to the inte-
gral Equation 4.
 The kernel K

ij
(x,x´) introduces a 

third degree singularity to the integral 
Equation 4. This type of singularity ap-
pears in all problems involving crack 
representation by dislocations regard-
less of the geometry concerned. Due 
to that, the integral must be interpreted 
in the so-called Hadamard finite-part 
sense.15 Numerous numerical tech-
niques are reported in the literature to 
solve Equation 4. Most of them use ei-
ther boundary elements formulation16,17 
or semi-numerical methods.18,19 The 
semi-analytical processes are very fast, 
but can only deal with cracks of spe-
cific shapes19 and usually fail when the 
external traction is very complicated or 
changes very fast. The boundary ele-
ment formulations are computationally 

Figure 1. A planar crack S is modeled by 
a continuous distribution of infinitesimal 
dislocation loops with arbitrary Burgers 
vectors.

Figure 2. Normalized stress intensity 
factor (SIF) as a function of the 
normalized crack–crack distance. When 
the distance between cracks is more 
than ~2.5 crack radius, the SIF of each 
crack equals the SIF of the single crack.
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Figure 3. A schematic of the geometries used. The plane z=0 contained the cracks, and the 
dislocations produced by the F–R source (not shown) were moving on the (111) plane.

Figure 4. (a) Fatigue plots of two specimens, one without a crack and one containing a crack 
of radius 1,000b. Solid line: uncracked specimen; dashed line: cracked. (b) The difference 
between the yield stresses of the two specimens is very small but distinct.

Figure 5. (a) Fatigue plots of three specimens containing a penny-shaped crack of different 
radius. Solid line: 1,000b; dashed line: 2,000b; dotted line: 2,500b. The behavior of the first 
specimen (1,000b crack radius) is closer to the uncracked specimen, as shown previously 
in Figure 2. (b) The dislocation structure in the second case when the strain was 0.01. The 
crack is situated in the middle of the specimen. The units of the axes are in Burgers vectors 
b.

a b

a b

slower, but are more general, allow-
ing the consideration of random shape 
cracks, and they can deal with compli-
cated tractions. Since the dislocation 
presence very close to the cracks will 
produce arbitrary tractions, the latter 
methods are more appropriate for this 
case. 
 The method used in this paper was 
first developed by Y. Murakami and S. 
Nemat-Nasser16 and later extended by 
D.N. Dai et al.17 Each component of 
Burger’s vector b (which in this case 
coincides with the unknown disloca-
tion distribution) is expanded into a 
Taylor’s series and by substituting it 
into integral 4, yielding Equation 5.
 The resulting integrals on the right 
hand side of Equation 5 are weakly 
singular and can be derived using nu-
merical techniques.17 The numerical 
solution is derived by dividing the 
crack plane into a number N of trian-
gular elements. Within each element 
the unknown distribution b

j
 is assumed 

to be b
j
(x,y)=W(x,y)f

j
, where f

j
 is a 

constant to be estimated and W(x,y) 
is a general shape function defined as 
W x y d x y d x y( , ) ( , ) ( , )2 2 . In this 
previous equation,  is a characteristic 
crack length and d(x,y) is the distance 
of the center of each triangle from the 
crack face. The application of the above 
leads to Equation 6.
 The solution of this system of equa-
tions provides the unknown constants 
f

j
 within each triangle. Then, the un-

known distribution is evaluated directly 
by multiplying f

j
 with the shape func-

tion W(x,y). Also, as shown by Hills, 
for the case of infinitesimal dislocation 
loops, the distribution function b

j
 rep-

resents the crack profile.14

 In the case of two interactive cracks, 
an iterative procedure is used to calcu-
late their stress field. According to this 
process, the first crack is calculated us-
ing the method described and consider-
ing only the external stress field. Then, 
the stress field of this crack is added to 
the external stress and the second crack 
is calculated. Next, the first crack is 
recalculated under the influence of the 
stress field of the second crack. The 
process is repeated until the crack face 
displacements of the two cracks con-
verge.
 After the crack opening displace-
ments are found, the stress field pro-

duced by the cracks is calculated. These 
stresses will be used to simulate the 
interactions with dislocations through 
the DD framework. The validity of the 
method had been checked by calculat-
ing the crack opening displacement 
and the stress intensity factor (SIF) of 
a penny-shaped crack with 228 collo-
cation points. The normalized SIF was 
found to be 0.6363, in very good agree-
ment with the theoretical results of 

0.6366.20 Also, the image stresses were 
calculated for a penny-shape of 2,000b 
radius and the interaction with a dislo-
cation in different positions above and 
below the crack has been investigated. 
The results showed the formation of 
shielding and amplification zones close 
to the crack area.21 These zones affect 
the crack shape, and therefore the be-
havior of the specimen under loading. 
Finally, the normalized SIFs of the two 

a b
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x

z

v y

z
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Figure 6. (a) Fatigue plots of three specimens containing elliptical cracks of different 
eccentricity (e). Solid line: e=0.7; dashed line: e=0.75; dotted line: e=0.85. The behavior 
of the first specimen (e=0.7) is again closer to uncracked specimens. (b) The dislocation 
structure in the second case when the strain was 0.01. The crack is situated in the middle 
of the specimen. The units of the axes are in Burgers vectors b.

a b

Figure 8. The dislocation structure for the case of two symmetrical cracks. The middle 
distance is 2,000b and the initial F–R source is shown with the straight line in the middle of 
the specimen. Notice that the source has produced fewer loops (compared to the previous 
case) due to the stronger stress field by the cracks. The crack profiles above, corresponding 
to the shearing crack displacement (along axis y), show a complete shielding along this 
direction. The profiles below correspond to the opening crack displacement (along axis z) 
again for both cracks.

Figure 7. The dislocation structure for the case of two symmetric cracks. The middle 
distance is 7,000b and the initial F–R source is shown with the straight line in the middle 
of the specimen. The crack profiles correspond to the shearing crack displacement (along 
axis y), and the profiles below to the opening crack displacement (along axis z) for both 
cracks.

cracks as a function of the distance be-
tween them were found. The results are 
shown in Figure 2.

FATIGUE AND CRACK  
PROFILES

 The computation domain was a cube 
of side length 10,000b, with b being the 
magnitude of Burger’s vector. The x, y, 
and z axes were parallel to [100], [010], 
and [001] directions, respectively, of a 
face-centered cubic (fcc) crystal. The 
origin was fixed at the center of the 
cube. Two types of computational ex-
periments were performed: a specimen 
with a crack in its center and a speci-
men with two cracks on the same plane 
but at different distances from its cen-
ter. In all cases the cracks were lying on 
plane z=0. Figure 3 shows all of the 
cases.
 In order to study the fatigue behav-
ior, a Frank–Read (F–R) source was 
positioned into the cubic specimen and 
a strain rate of 100 s–1 was applied. Re-
flection boundary conditions were used 
to simulate an infinite space.11 For the 
case of the simple crack, the F–R source 
was initially on the (111) plane at a dis-
tance of 333b below crack plane. For 
the case of two cracks, the F–R source 
was positioned at the center of the 
specimen. Initially, an uncracked speci-
men was loaded in tension until a strain 
of 0.01 was achieved and the stress-
strain curve was obtained. Then the 
simulation stopped and an opposite 
strain rate of –100 s–1 was applied and 
the new stress-strain curve was com-
bined with the previous one to produce 
a fatigue cycle. These results, obtained 
from the uncracked specimen, were 
used as a reference to be compared 
with the results obtained from the 
cracked specimens. Then cracks were 
introduced into the specimen. In all 
cases a simple loading cycle similar to 
the one described above was used, and 
the yield stress was calculated at an off-
set strain of 0.2%.
 First the case of a specimen with a 
penny-shaped crack of radius 1,000b 
was studied. The obtained stress-strain 
curve was compared with the curve 
corresponding to an uncracked speci-
men. The results are shown in Figure 
4a. A first observation is that the stress-
strain curve of the cracked specimen is 
too close to that of the uncracked one. 
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However, the cracked specimen dem-
onstrates a yield stress about 2% lower 
than the uncracked specimen. Another 
important feature is that the opposite 
loading leads to a stress-strain behavior 
similar to the uncracked specimen. This 
behavior can be explained by consider-
ing that the negative strain rate results 
in the crack closure, thus leading to the 
deformation of an uncracked speci-
men.
 Two other cases were considered: 
one with a penny-shaped crack of radi-
us 2,000b and one with a penny-shaped 
crack of radius 2,500b. The resulting 
stress-strain curves, together with the 
curve produced by the penny-shaped 
crack of radius 1,000b are shown in 
Figure 5a. Again, the results show a 
significant reduction of the yield stress 
of cracked specimens (~25% for the 
last case). Further, the specimen with 
the larger crack demonstrates the larger 
reduction of the yield stress. Finally, the 
dislocation structure associated with a 
total strain of 0.1% is shown in Figure 
5b. The crack (not shown) is situated at 
the middle of the specimen, where the 
dislocation density is higher.
 Similar results were produced by 
substituting the penny-shaped cracks 
with elliptical ones. Three cases were 
studied again: a crack with a

1 
= 2,000b 

and a
2 
= 1,400b (with a

1
 and a

2
 the axes 

of ellipse); a crack with a
1 

= 2,000b 
and a

2 
= 1,500b; and a crack with a

1 
= 

2,000b and a
2 

= 1,700b. The obtained 
stress-strain curves are shown in Figure 
5a. The above crack geometries result 
in elliptical cracks with eccentricity of 
e = 0.7, e = 0.75 and e = 0.85, respec-
tively. Again, the dislocation structure 
associated with a total strain of 0.1% is 
shown in Figure 6b with the crack (not 
shown) at the middle of the specimen. 
 The results show a significant reduc-
tion of yield stress of cracked speci-
mens. Like in the penny-shaped crack 

case, the specimen with the larger crack 
(namely larger eccentricity) demon-
strates the larger reduction of the yield 
stress. 
 Then, the two-crack case was stud-
ied. Three different cases were consid-
ered, all involving two penny-shaped 
cracks of radius 2,000b at different dis-
tances from each other. In this case, the 
specimen with cracks with the small-
est distance showed the lowest yield 
stress. The reason is as the distance of 
the cracks is decreasing, the two cracks 
start behaving more like one crack of 
combined area. Previous studies have 
shown that the yield stress is inversely 
proportional to the cracked area.22 Also 
in this case, the dislocation structure is 
symmetrical, since the whole configu-
ration is symmetrical now. In Figures 
7 and 8 the dislocation configuration 
together with the crack profiles are 
shown for two different crack distanc-
es, namely 2,000b and 7,000b, respec-
tively. 

CONCLUSIONS

 When fatigue experiments on a 
crystal containing cracks of different 
shapes and sizes were performed us-
ing DD, attention was focused on the 
continuous forward and reverse load-
ing, the associated yield stress, and the 
crack profiles during the loading. It was 
found that the presence of a crack de-
creases the yield stress of the material. 
Also, the dislocations shield the cracks 
along some directions during the load-
ing due to the symmetry of the con-
figuration. The above seems to be valid 
only under tension. When the specimen 
is loaded under compression, the crack 
closes and the specimen’s behavior in 
all cases approaches the behavior of the 
uncracked specimen. Nevertheless, it is 
possible that the dislocation structure 
can result in lower yield stresses under 
compression than the one obtained here 

where no cross-slip was allowed. This 
case is currently under investigation 
and will be presented in an upcoming 
paper.
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