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1 Inclusion and eigenstain

Consider a homogeneous linear elastic solid with volume V' and surface area S, with elastic
constant Cj;x, as shown in Fig. 1. Let a sub-volume V{, with surface area Sy undergo a uniform
permanent (inelastic) deformation, such as a martensitic phase transformation. The material
inside Vj is called an inclusion and the material outside is called the matriz. If we remove V}
from its surrounding matrix, it should assume a uniform strain ej; and will experience zero
stress. ej; is called the eigenstrain, meaning the strain under zero stress. Notice that both
the inclusion and the matrix have the same elastic constants. The eigenstress is defined as
O';kj = ijkle;;l.

In reality, the inclusion is surrounded by the matrix. Therefore, it is not able to reach the
state of eigenstrain and zero stress. Instead, both the inclusion and the matrix will deform
and experience an elastic stress field. The Eshelby’s transformed inclusion problem is to
solve the stress, strain and displacement fields both in the inclusion and in the matrix.

Figure 1: A linear elastic solid with volume V and surface S. A subvolume V{ and surface Sy
undergoes a permanent (inelastic) deformation. The material inside V; is called an inclusion
and the material outside is called the matriz.

Figure 2: John Douglas Eshelby (1916-1981, United Kingdom).



2 Green’s function and Eshelby’s tensor Sjj;

Eshelby showed that the problem stated above can be solved elegantly by the superposition
principle of linear elasticity and using the Green’s function [1]. Eshelby used the following 4
steps of a “virtual” experiment to construct the desired solution.

Step 1. Remove the inclusion from the matrix.

Apply no force to the inclusion, nor to the matrix. The strain, stress and displacement fields
in the matrix and the inclusion are,
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Step 2. Apply surface traction to Sy in order to make the inclusion return to its original
shape
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The elastic strain of the inclusion should exactly cancel the eigenstrain, i.e. efjl- = —ej;. The
strain, stress and displacement fields in the matrix and the inclusion are,
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The traction force on Sy is Tj = o;;n; = —0;N;.



Step 3. Put the inclusion back to the matrix.

The same force T is applied to the internal surface Sy. There is no change in the deformation
fields in either the inclusion or the matrix from step 2.

Step 4. Now remove the traction T. This returns us to the original inclusion problem as
shown in Fig. 1. The change from step 3 to step 4 is equivalent to applying a cancelling
body force F = —T to the internal surface Sy of the elastic body.

Let u$(x) be the displacement field in response to body force F; on Sp. u§(x) is called the
constrained displacement field. It can be easily expressed in terms of the Green’s function
of the elastic body, (notice that F; = —T; = ojny,)
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In terms of the constrained field, the strain, stress and displacement fields in the matrix and
the inclusion are,



matrix inclusion

_ ,C . _ ,C

__ ~C . — 4C % — .. c _ p*
Oij = 045 | Oij = 045 — 045 = Ciri(ely — €x)
U = Ui | U = U

To obtain explicit expressions for the stresses and strains everywhere, the constrained
field must be determined both inside and outside the inclusion. We can define a fourth order
tensor S;;i; that relates the constrained strain inside the inclusion to its eigenstrain,

es. = SiijQZl (5)
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Siji is often referred to as Eshelby’s tensor. Because it relates two symmetric strain tensors,
the Eshelby’s tensor satisfies minor symmetries,

Sijit = Sjirt = Sijik (6)

But it does not satisfy the major symmetry, i.e. S;jp # Skij- In the following sections, we
derive the explicit expressions of Eshelby’s tensor in an infinite elastic medium (V' — o0). In
principle, Eshelby’s tensor is a function of space, i.e. S;ju(x). However, an amazing result
obtained by Eshelby is that,

For an ellipsoidal inclusion in a homogeneous infinite matrix, the
Eshelby tensor S;;,; is a constant tensor. Hence the stress-strain
fields inside the inclusion are uniform.

3 Auxiliary tensor D,

For convenience, let us define another tensor D;jj; that relates the constrained displacement
gradients to the eigenstress inside the inclusion [3],

ug,(x) = —07; Dyjri (x) (7)

Obviously, tensor D;jy; is related to Eshelby’s tensor,
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Rewrite Eq. (7) as uf;(x) = —0j;Dix;(x) and compare it with From Eq. (2), we obtain,
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Notice that we have used the fact that G;;(x,x’) = G;;(x — x’) for an infinite homogeneous
medium. Applying Gauss’s Theorem, we obtain
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Recall that the Green’s function for an anisotropic medium is,
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where z = k/k. Substituting this into Eq. (16), we get
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Because the integration over the inclusion volume V{ only depends on x’ but not on x, it is
helpful to rearrange integrals as,
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Therefore, for an infinite homogeneous medium, the auxiliary tensor D;;;,; also satisfies minor
symmetries,

Dijki = Djiri = Dijix (21)

But it does not satisfy the major symmetry, i.e. D # Dyyj (similar to Eshelby’s tensor
Sijkt)-

4 Ellipsoidal inclusion
Now let us restrict our attention to inclusions that are ellipsoidal in shape. The goal is to

prove that D;j(x) is a constant inside an ellipsoidal inclusion. The volume V; occupied by
the inclusion can be expressed as,
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where a, b, ¢ specify the size of the ellipsoid. Define new variables,
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Then the integration over V5 becomes an integration over a unit sphere in the space of R,
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Also define new variables in Fourier space,
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In polar coordinates,
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Substituting this result into Eq. (19), we have
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Again we go to polar coordinates. Define new variables ®, ©, v through,
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Notice that the dependence of D;jj; on x is through v =

(48)

(k-x)/k in k(). To evaluate x(7),

notice that the term in the square bracket is an even function of k. Because D;jy,; is real,
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k() must be real as well. Therefore, we can rewrite the integral as,
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In other words, k() becomes a constant if 3 £ > 0. In this case, D;;i(x) reduces to a
surface integral that is independent of x,
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We will now show that if x is within the ellipsoid, then 3+~ > 0. This will then prove that
D;jr and S;ji; are constants within the ellipsoidal inclusion. To see why this is the case,
consider vector p such that,
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Therefore,
vl = [A-pl/k<Ap/k <ANk=p
By > 0 (60)

Therefore, when x lies within the ellipsoid, the D;j;; tensor can be calculated by simply
performing a surface integral over a unit sphere,

abe [T [* sin @

When x lies outside the ellipsoid, D;j; shall depend on x, and can be calculated directly
from the Green’s function,
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Once D;jy is obtained, Eshelby’s tensor S;;,; can be found by Eq. (13).

5 Eshelby’s tensor in isotropic medium

The derivation of the Eshelby tensor in isotropic materials can be found in [1] (for isotropy)
and [2]. For isotropic medium, the Eshelby’s tensor can be expressed in terms of elliptic
integrals. Assuming that a > b > ¢ and that the semi axis a aligns with the coordinate x
(and similarly b with y and ¢ with z) then
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81112 = 81223 = 81232 =0

The rest of the nonzero terms can be found by cyclic permutation of the above formulas.
Notice that we should also let a — b — ¢ together with 1 — 2 — 3. The [ terms are defined
in terms of standard elliptic integrals,
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where
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and the standard elliptic integrals are defined as
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For a spherical inclusion (a = b = ¢), Eshelby’s tensor has the following compact expression,
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Notice that tensor itself does not depend on the radius of the sphere!
For an elliptic cylinder ( ¢ — 00 )
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Another important geometry is the flat ellipsoid (a > b > ¢). The I integrals in this
limiting case reduce to
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where E(k) and F(k) are complete elliptic integrals defined as

Flk) = /0 : dw (66)

(1 — k2 sin® w)/2
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Eshelby’s tensor for various other shapes can be found in [2] and [4].
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